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The well-known index of income bipolarization proposed by Wolfson (1994) requires two groups to be
split according to the median income and, therefore, to be non-overlapping. The aim of this paper is to
propose a new polarization index in the spirit of the Wolfson index. It allows for any possible partition
of the population in two or more (also overlapping) groups. The new index maintains the simplicity and
immediate comprehension of the Wolfson index, though being much more flexible. An application is
then provided for German and Italian income data.
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1. INTRODUCTION

In the past two decades, the measurement of polarization has attracted some
attention in the literature on social indicators. Based on the seminal papers by
Esteban and Ray (1994) and Wolfson (1994), two different streams of the literature
have emerged, underlining different aspects of the phenomenon of income polar-
ization. The first, originating from Esteban and Ray (1994), focuses on the rise of
separated income groups: polarization increases if the groups become more homo-
geneous internally, more separated from each other, and more equal in size. This
approach is followed, among others, by Gradin (2000), D’ Ambrosio (2001), Zhang
and Kanbur (2001), Anderson (2004), Duclos et al. (2004), Lasso de la Vega and
Urrutia (2006), Esteban et al. (2007), and Anderson et al. (2009).

The second stream, going back to Wolfson (1994, 1997), describes the decline
of the middle class, measuring how the center of income distribution has been
emptied. This approach is often referred to as “bipolarization” and assumes the
presence of only two groups that are divided by the median income. Authors such
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as Wolfson (1997), Wang and Tsui (2000), Chakravarty and Majumder (2001),
Rodriguez and Salas (2003), Chakravarty et al. (2007), Deutsch et al. (2007),
Bossert and Schworm (2008), and Chakravarty and D’Ambrosio (2010), as well
as Lasso de la Vega et al. (2010), develop and extend this alternative approach.
For a review of the main proposals in income polarization measurement, see
Chakravarty (2009).

Rodriguez and Salas (2003) show that similarities exist between the two
approaches, since the Wolfson index can be rewritten as a difference of the Gini
index between groups and the Gini index within groups; thus revealing that, also
according to Wolfson’s measure, polarization increases with inequality between
groups and decreases with inequality within groups. However, since the com-
monly used Gini decompositions are two-term decompositions only in the case of
non-overlapping groups, Wolfson’s measure and its subsequent extensions have the
shortfall of assuming only two non-overlapping groups, thus considerably reduc-
ing their applicability. In the case of pure income polarization this might not be a
serious drawback, but if one is interested in what Gradin (2000) calls “socioeco-
nomic” polarization, meaning that groups are formed by characteristics other than
income—for example, race or religion—groups generally overlap and this type of
measure can no longer be applied.

In general, most of the existing contributions to polarization measurement
focus on income as the group-forming characteristic. In contrast, Zhang and
Kanbur (2001) and Gradin (2000) derive polarization measures that allow for char-
acteristics other than income to form groups and measure income polarization
among those exogenously formed groups.

In this paper, we want to combine the original Wolfson approach on income
polarization with the possibility of exogenously formed groups. We propose a new
polarization index based on a recent decomposition of the Gini index into two
components, proposed by Okamoto (2009), which also holds in the case of over-
lapping groups. Analogously to the Wolfson index, the new index is also based on
the Gini index and is expressed as a difference of inequality between and within
groups. However, our polarization index is more general than the Wolfson index,
since it does not require the groups to be split according to the median income, nor
to be non-overlapping. Rather, it allows for any possible partition of the popula-
tion, also with more than two groups. Therefore, our index still maintains the sim-
plicity and immediate comprehension of the Wolfson index, though being much
more flexible.

The paper is organized as follows. We first provide a short review of the exist-
ing literature on polarization measurement in Section 2. In Section 3, we intro-
duce a new polarization measure that is based on the decomposition of the Gini
coefficient proposed by Okamoto (2009) and that can be seen as a generalization
of several approaches of polarization measurement, namely the approaches of
Wolfson (1994, 1997), D’ Ambrosio (2001), Zhang and Kanbur (2001), Rodriguez
and Salas (2003), and Silber et al. (2007). As a consequence of the extension to
exogenously formed groups, we have to adapt the classical polarization postulates
(increased spread and increased bipolarity) and extend them to the new setting,
which is done in Section 4. Next, in Section 5, the case of two groups, overlap-
ping and not overlapping, is investigated. Section 6 covers the general case of k > 2
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possibly overlapping groups. Subsequently, in Section 7 we illustrate the new mea-
sure through an empirical application based on Italian and German data. Section §
concludes and addresses the possible extension of our approach to a measure of
polarization in many attributes.

2. A BRIEF REVIEW OF INCOME POLARIZATION MEASUREMENT

As already stressed in the introduction, the literature on univariate income
polarization has its origins in the two pioneering papers of Wolfson (1994) and
Esteban and Ray (1994). Independent of each other, they claimed that polariza-
tion cannot be appropriately measured by indices of income inequality. They
obtained special polarization measures, Esteban and Ray (1994) from an axiom-
atic point of view and Wolfson (1994) based on the phenomenon of the declining
middle class. In this section, we want to give a short review on the most common
univariate polarization measures and their connection to well-known measures
of inequality.

(o

Let us first introduce some notation. Let X; = > Xjn, ) be the income vec-

tor of individuals belonging to group j, and X; be the corresponding mean income,
j=1, ..., k. The whole population has size n = Z/‘ n;. Denote by x = (xy, ..., x;) the
income vector of the whole population, ordered according to the k groups, and let

N = (n, ...,n;) signify the vector of group sizes. The indices considered in this
paper depend on x and N. For simplicity, we suppress these arguments whenever
possible.

Esteban and Ray (1994) set up a system of four axioms and derive the follow-
ing polarization measure:

k k n; 1+a n,

where K >0 is a normalizing constant and « € [1;a*],a* ~ 1.6 is the so-called
polarization sensitivity. Note that the inclusion of o makes the difference between
polarization and inequality in this approach, since for a = 0 and K = ?lnz, expres-
sion (1) reverts to the Gini index.! According to Esteban and Ray (1994), polariza-
tion depends on the individual’s sense of identification and alienation. Individuals
are assumed to feel identification with other individuals belonging to the same
group, and alienation versus individuals belonging to different groups. Hence,
polarization increases with alienation, measured in terms of distance between
group income means (|X;— X;|), and it decreases with identification, which depends
on the size of the group to which the individual belongs ([nj/n]1 ta),

Since PFR does not incorporate any within-group heterogeneity, Esteban et al.
(2007) proposed an extension of the original index that is given by

ITo be precise, for & = 0 we would obtain the Gini index for classified data. This is because Esteban
and Ray (1994) argue that an individual feels perfect identification with each member of his or her own
subgroup, regardless of possible income differences. Therefore, each income of a group can be replaced
by the respective group mean.
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. k Kk n; l+a ny
) P =K Y (;)l-xj_xll —[ﬁ'(G_GB)],
j=11=1

where G and G are the total and between-group Gini indices, and # > 0 is an addi-
tional parameter that reflects the weight of the correction term.? Esteban et al.
(2007) recommend that their measure should be applied after the original vector of
incomes has been grouped by a statistical approach that minimizes within-group
dispersion. Gradin (2000) proposed the same correction term to the original index,
though in his approach groups can be defined according to variables different from
income.

However, Lasso de la Vega and Urrutia (2006) point out that these extended
measures violate some basic properties of polarization. In particular, accord-
ing to equation 2, greater inequality between groups and at the same time con-
stant inequality within groups may be associated with a decline in polarization.
Therefore, they propose an alternative extension of the ER index of polarization,
which is given by

k Kk nj l+a n
PV =k J (-) 1-GY|x%,-X
3 ];; <n> 7 ( ) 1X =%
with G; being the Gini coefficient of group j,a € [1,1.6], f 20 and K> 0.

The second stream of the literature on income polarization is based on the polariza-
tion measure of Wolfson (1994). Additional to the existing notation, let m denote
the median of the incomes and L(z) be the value of the Lorenz curve at the z-quan-
tile of x. Wolfson (1994) proposes a polarization curve analogous to the Lorenz
curve for inequality measurement and defines his polarization measure as follows:

@ PV = %.(1—21(0.5)—(&

In this formulation, the link between polarization and inequality measure-
ment is obvious, since the Gini index is used explicitly. By using a subgroup decom-
position of the Gini index, we can make this link even more explicit. Let us assume
that the population is divided into two groups, where the first group, L, consists
of all individuals with incomes below the median income and the second group,
H, consists of all individuals with higher incomes. Let us denote the two resulting
income vectors as X, and x,, with corresponding means X; and Xz and group
shares "7L = ”’—1” = %, assuming n even. Also, let x,, and x,; be income of the ith
individual in groups L and H, respectively.

Then, the overall Gini index G (or G(x)) can be decomposed into a with-
in-group, G", and a between-group, G, component as follows:

) G(x) = ﬁ PIDIEEEN

i=lm=1

2Esteban et al. (2007) claim that incomes should be normalized to unity, so they remove the scaling
parameter K in their measure.

© 2018 International Association for Research in Income and Wealth

715



Review of Income and Wealth, Series 65, Number 4, December 2019

(6) N _ \——v——/

~
G a°

Using this decomposition, one can rewrite the Wolfson measure according to

™ PV =2 (GE_G"),
m

Therefore, the Wolfson polarization measure is a normalized function of the
difference between the Gini index between groups, G2, and the Gini index within
groups, G"'.3 As Rodriguez and Salas (2003) pointed out, this formulation can be
used to distinguish between polarization and inequality and to establish a link
between the two streams of polarization measurement. Clearly, there is a difference
between adding up the two components, as done in inequality measurement, and
taking the differences as in polarization measurement. Moreover, the between-
group component can be seen as a measure of the alienation between groups and
the within-group component as a measure of the identification within groups, two
basic ideas in the approach of Esteban and Ray (1994).

Several other polarization measures are explicitly constructed as functions of
inequality measures. In particular, Rodriguez and Salas (2003) propose an exten-
sion of Wolfson’s polarization measure that includes an additional sensitivity
parameter v. Their measure is based on a subgroup decomposition of the extended
Gini coefficient introduced by Donaldson and Weymark (1980) in the case of pop-
ulation divided by the median, and is defined as follows:

PRx,v) = GB(x,n)-G"(x,v), ve[2,3].

The idea of measuring polarization in terms of the difference of a between-
group inequality component and a within-group inequality component (measured
through the Gini index) is also present in the polarization index of Silber et al.
(2007), which is defined as follows:

spn _ GB-GY
P = o
where it is assumed that the population is divided by the median income.
Rather than using the difference between the two inequality components,
Zhang and Kanbur (2001) use the ratio of these two components and define their
polarization measure as follows:

x _ 1P

=

3This is not a new result (see, e.g., Rodriguez and Salas, 2003). We discuss it here since we will
compare this Gini decomposition with the one used for our new polarization index. Note that Rodriguez
and Salas (2003) obtained the Wolfson expression as in equation 7 from a “geometric” reasoning based
on the Lorenz curve.
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where 1% and I are the between- and within-group components of Theil’s
measure of inequality 7. Since this measure is not defined if the within-group
inequality is zero, Silber et al. (2007) propose the following modification:

PZK* _ PZK _q _ B
PZK + 1 I

3. A NEw PoLARIZATION INDEX BASED ON GINI DECOMPOSITION

In this section, we will construct a polarization measure that is in line both
with the intuition of Wolfson bipolarization and with the ideas of identification
and alienation of Esteban and Ray (1994). Therefore, in the following paragraphs
we will introduce some basic requirements that our polarization index has to
meet.

First, polarization is found to increase with respect to identification within the
groups. Generally, it is assumed that identification within a group is reflected by its
inequality, in the sense that higher inequality within groups means lower identifi-
cation and vice versa.

Second, polarization is seen to decrease with respect to alienation between
groups. Alienation is measured in an obvious way via between-group inequality
(Esteban and Ray, 1994); the higher the inequality between the groups, the higher
is the alienation.

Note that this approach is also in line with the intuition of Wolfson bipolar-
ization. If we split the population at the median, then the inequality within the
two new groups is smaller than the inequality within the original population, and
the inequality between the two new groups becomes larger than zero, both factors
increasing polarization.

Third, a polarization measure has to account for the differences in group sizes
in such a way that for a given number of groups k and given within- and between-
group inequality, the more equally sized the groups are, the higher is the polariza-
tion (see, amongst others, D’Ambrosio, 2001 Esteban and Ray, 1994 Gigliarano
and Mosler, 2009). In Wolfson’s approach this issue is implicit, since the groups are
divided by the median, and hence are equally sized.

In summary, a measure of polarization should increase with inequality
between groups, and decrease with inequality within groups. It may also increase
with the degree of homogeneity among group sizes.’

4Zhang and Kanbur (2001) use Theil’s measure instead of the Gini index. In principle, the formu-
lation of their polarization measure allows for any decomposable inequality index that satisfies the
Pigou—Dalton transfer axiom.

SObserve that not only the polarization measures of the Wolfson perspective fit into this concept,
but also the measures based on the Esteban and Ray approach are in line with this idea. For example,
in the case of two groups, the measure by Esteban et al. (2007) can be written as
PEGR — GB(x). S(N)— G"(x)- Here, GB denotes the inequality between, G? the inequality within,
and S(N) the homogeneity of the group sizes. It can be seen immediately that PEGR meets the three
requirements mentioned above.
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With respect to the inequality measure, we will focus on the well-known Gini
index of inequality, mainly for two reasons. First, out of many existing measures,
the Gini index remains the most popular and commonly used measure of inequal-
ity. Second, over the decades, several alternative decompositions of the Gini index
have been proposed in the literature (see Bhattacharya and Mahalanobis, 1967;
Dagum, 1997; Pyatt, 1976; Yitzhaki and Lerman, 1991). A recent proposal has
been formulated by Okamoto (2009), which is the decomposition that we consider
for measuring polarization and that we now briefly describe.

3.1. Okamoto’s Decomposition

Consider a vector x of incomes that are, w.l.o.g., increasingly ordered; that
is, x; < x, < ... < x,. Let us recall the Gini mean difference

®) n222|x ~Xls

i=lm=1
which corresponds to the numerator of the Gini index G.
The Gini mean difference and the Gini index for group j are, respectively,

(9) A](X]) 2 Z Z Ixﬂ _‘m b j: 1> 7k>
/ i=1lm=1
and
‘(Xj) | n o
G. L) = J = =X, =1,,k
(10) /%) 2x; 2)_cjn/2 i:lmzllxﬂ Ximls ]

Finally, the Gini mean difference between group j and group / is defined as follows:

(1D A(X;X)) = ZZ| —Xpls A= 1,k

ll—lm—l

Obviously, A (x x) = A(x) Okamoto (2009) provides a new two-term-
decomposmon of the G1n1 mdex given by the following:

w B
(12) G = Go, + Gopas
where the within-group component is defined as

k

" X;
(13) Gora = 275 5%
j=1
and the between-group component is
B 1 & g
(14) Goa = o Z Z ?cv(xj,x,),

j=1i=1
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where the term cv(x s x)) is referred to by Okamoto (2009) as the “Cramer coeffi-
cient of variation” between groups j and /, since it recalls the two-sample Cramer
— von Mises test statistic (see, e.g., Anderson, 1962) and is defined as follows:

1 n; n,
CV(Xj,X1)= ﬁ Zilzl Zn’i:l |xji_xlm|

1 n; n; 1 n; n;
(15) ~37 Yt Do X=Xl = % 2y Do X=Xy
Ax)  A(x)
= ayxyx) — 20 24,

Note that ev(x;x)) = 0 if j = [ Alternatively, we may write equation 14 as follows:

7

k noomy
(16) Goa = ﬁ 2 Z 2 126 = X |-

Gl=1j#li=1m=1

In most of the known decompositions of the Gini index, the between-group
inequality component is based on differences of group mean incomes. In particu-
lar, inequality between groups becomes null if and only if the group means are the
same, regardless of how different the subgroup distributions might be. This can be
considered as a drawback for our class of polarization measures, as it would take
into account only one parameter of the distribution. Differently, in Okamoto’s
decomposition the inequality between groups takes into account the whole sub-
group distribution rather than only the difference in the means. Therefore, when
using Okamoto’s decomposition, the between-group inequality is zero if and only
if all group distributions are identical and concentrated at a single point.® This is a
rather strong condition for having zero between-group inequality, but—at least in
our opinion—it fits better to the concept of group alienation.

Looking at the within-group component Gg{a, Okamoto’s decomposition
aggregates the inequality within each group using as weight the share of the group
and its relative mean income. As a consequence, the weights sum up to one, and
the within-group component can be considered properly as a weighted average of
the subgroup inequalities. This appears to be more natural than using the square of
the group shares and their relative means as weights, as in most of the other Gini
index decompositions.

It is particularly interesting for polarization measurement that Okamoto
(2009) allows for a two-term decomposition of the Gini index, while almost all
the other proposals are three-term decompositions. One important exception is
Dagum’s decomposition, which can be rewritten as the sum of the within-group
Gini index and the gross between-group Gini component. However, the latter is not
a minimum when the subgroup distributions or means are all identical. Moreover,
differently from the three-term decompositions, Okamoto’s decomposition is con-
sistent with multilevel grouping.

®Note that the equality of group means is, therefore, not a sufficient condition for GB - =0.
Hence, Okamoto’s decomposition does not satisfy the property of additive decomposability gelﬁned in
Shorrocks (1980), which is, however, considered quite restrictive, as it allows the between-group compo-
nent to rely only on the first moment of each subgroup distribution (see, e.g., Ebert, 2010).
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Our last reason for employing Okamoto’s decomposition is that it is available
not only for the unidimensional Gini index but for some of its multidimensional
extensions as well, such as for the Distance Gini index and for the Volume Gini
index proposed in Koshevoy and Mosler (1997). Since we also want to outline
the possibility of constructing multidimensional polarization indices, this is a nice
property, since it allows us to handle uni- and multidimensional polarization mea-
sures in the same framework.

Note that in using Okamoto’s decomposition for polarization measurement,
we do not obtain the Wolfson measure as a special case. Indeed, it can be shown
that the expressions (4) and (7) of the Wolfson polarization index are equivalent
only if the Gini index is decomposed using the decompositions of Dagum (1997)
or Bhattacharya and Mahalanobis (1967), but not Okamoto’s method. However,
this is not a serious drawback, since this approach will allow us to analyze situa-
tions where the population is divided into subgroups according to characteristics
other than income and where group income distributions overlap. For the sake of
simplicity, henceforth, G and G" will denote, respectively, the components nga
and Gg;a of Okamoto’s decomposition.

3.2. A New Polarization Index

As already mentioned, our new polarization index should decrease with
respect to the within-group inequality, increase with respect to the between-
group inequality, and depend on the homogeneity of the group sizes.

To meet these requirements in a simple and transparent way, we propose a new
polarization index, which is defined according to

(17) P = P(x,N) = S(N)- [G®(x,N)- G (x,N)] .

For G? and G", we use the components of Okamoto’s decomposition (equa-
tions 14 and 13, respectively) and for S(N) we employ the inverse of Herfindahl’s
measure of concentration,

kN2
(18) S(N) = LZ (i) ] ,
=1

which equals & if all groups have the same size, and approaches 1 if all but one
group tend to become empty.” Obviously, the polarization index given by equation
17 is not normalized; it can actually take a negative value if the inequality within
groups exceeds the inequality between groups. In order to normalize P(x,N), we
normalize each of its components. Starting with the group size homogeneity com-
ponent, the inverse Herfindahl index is normalized by

k 217!
1 1
(19) =1 L; <Z>] -1

"We use the factor S(N) since the difference GB(X,N) - GW(X,N) does not always increase with
increasing homogeneity.
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To normalize the inequality difference D = G® — G", we have to determine its
minimum and maximum. Then

D—min D

max D—min D

ranges between 0 and 1. Note that the minimum value of D depends on the vector
N of group sizes. Hence, determining the minimum value in the case of overlapping
groups is not a trivial exercise. A detailed derivation of the minimum and maxi-
mum values of D for two generic, also overlapping, groups is included in Appendix
A (in the Online Supporting Information). Finally, as our normalized index of
polarization, we introduce the following:

k 217!
1 n; D—minD
P=PxN)= — - —1|
(21 OGN) k—1 IJ;<n> ] max D —min D

Note that in this analysis we do not intend to directly compare scenarios char-
acterized by a different number of groups; for example, ceteris paribus our measure
does not assign a higher level of polarization in the case of two equally sized groups
than in the case of three equally sized groups.’

In this section, we have introduced a new polarization index that is based on
the difference between inequality components obtained from Okamoto’s decom-
position of the Gini index. In contrast to Wolfson’s approach, the new polarization
index can be computed for any number of groups, which may also be overlapping.
In the next section, we will focus on the properties of the new polarization index.

(20)

4. THE PrROPERTIES OF THE NEW INDEX

An index of polarization is a function P:RY X NF = R,(x,N) = P(x,N). It is
supposed to satisfy a number of postulates, which we divide into two groups: the
first group regards general aspects of measurement, while the second group con-
tains those postulates that are specific to polarization and distinguish a polariza-
tion measure from, for example, a measure of inequality or concentration.

The group of general postulates of measurement includes the following
postulates:

P1 Continuity  x — P(x, N) is continuous on R’}.

P2 Within-Group Anonymity P(x,NN) is invariant to permutations of indi-
vidual labels within groups. For every group j, given a permutation z; of
{1,2,...,m;}, it holds that

8If different numbers of groups are to be compared, the index may be augmented by a factor that
properly decreases with k. For example, one could consider, as an alternative version of expression (19),

the following:
n 2 -l
(=) '
k=1 N

7

But then the normalization property (see the following postulate P5) would no longer be satisfied.

S(N) =
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P(xy,, ... Yo oo XN) = P(xq,, ... X oo XiIN),

where X; = (x;, X, ... ,xjnj) andy, = (xj,,j(l), Xjg ) - ,xjﬂj(nj)).
P3 Replication Invariance = For any £ eN: P(x,N) = P((Xx, ... ,X),ZN).
——

£times
P4 Scale Invariance  P(x, N) is invariant to any change in the unit of mea-

surement of income: for any scalar A > 0, P(x, N) = P(Ax, N).

P5 Normalization P(x, V) should be normalized between 0 and 1.
For the new polarization index, we can summarize its measurement proper-
ties by means of the following proposition:

Proposition 1. The polarization index given by equation 21 satisfies the postu-
lates P1-P5 for any number of groups k.

Proof Obvious.

Additional to these general postulates of measurement, there are two postu-
lates that are specific to polarization:’

P6 Increased Spread [IS]  Given two groups divided by the median, a regres-
sive Pigou—Dalton transfer between two individuals belonging to different
groups should increase polarization.

P7 Increased Bipolarity [IB] Given two groups divided by the median, if
inequality within at least one group reduces, by means of a progressive
Pigou—Dalton transfer, polarization should increase.

However, the two polarization postulates P6 (IS) and P7 (IB) are not appro-
priate if the groups do overlap, since they are defined referring to two groups
divided by the median. Therefore, we now introduce a modified version of IS
(postulate P6" below) and of IB (postulate P7* below), which are adapted to the
case of overlapping groups and are defined for the general case of k > 2 groups.

P6* Modified Increased Spread [MIS] Let us order the k& groups increas-
ingly according to their means, so that X, < X, < ... < X;. This property
states that if (i) incomes x,,, fori =1, ... ,n;, of all individuals belonging
to group 1 are decreased by the same positive value > 0 (thus becoming
¥y; = X,,~P) and, at the same time, (ii) incomes x,,, form =1, ... ,n;, of all
the individuals belonging to group k are increased by the same positive
value a = :—‘ﬂ, so that the overall mean is not affected (thus becoming
YViem = Xiem +a), then polarization should increase.

In other words, while the Increased Spread property considers a
Pigou-Dalton transfer that involves only two individuals belonging to two

For a detailed formulation of these propositions, see, for example, Wang and Tsui (2000).
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non-overlapping groups, the Modified Increased Spread property assumes that
all individuals in the group with the lowest income mean become poorer and that
all individuals of the group with the highest income mean become richer. This
change should reasonably increase polarization.

P7* Modified Increased Bipolarity [MIB] Let usorder the k groups increas-
ingly according to their means, so that x; < X, < ... < X;. If theinequality
within at least one group reduces, then P should increase. In particu-
lar, if a progressive transfer occurs between two individuals g* and A"
belonging to the same group (w.l.o.g., we assume group 1), so that income
Xy is reduced by € > 0 and income x,. is augmented by e > 0, then polar-
ization should increase.

The Modified Increased Bipolarity property is an intuitive extension of
Increased Bipolarity in the case of more than two groups. It states that any pro-
gressive transfer occurring within any subgroup distribution should increase
polarization.

Together with the original versions, these two modified postulates will be
investigated in detail in Sections 5 and 6.

5. PoLaARr1zATION OF Two GROUPS

We now discuss the polarization properties of the new index proposed in the
case of k =2 groups, both non-overlapping and overlapping. We investigate the
postulates of Increased Spread (P6) and Increased Bipolarity (P7) as well as their
extended versions of Modified Increased Spread (P6") and Modified Increased
Bipolarity (P7") that cope with the situation of overlapping groups. We also dis-
cuss the two extreme scenarios of minimum and maximum polarization.

5.1. Two Non-overlapping Groups

Proposition 2 below discusses the scenarios of minimum and maximum
polarization for the case of two non-overlapping groups.

Proposition 2 [Minimum and maximum polarization of two non-overlapping
groups]

(a) The polarization index P defined in equation 21 is maximal (equal to 1)
if the groups are of equal size, at maximal distance from each other, and
with no within-group inequality, which means, for a given overall mean X, if
x,=(0,....0) and x, = (2%, ... ,2X).

(b) The case of minimal polarization depends on group sizes. For two groups of
equal size, the polarization index P defined in equation 21 is minimal and

equal to 0 if all individuals have the same income, which means, for a given
overall mean X, if X; = X, = (X, ... ,X).
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Regarding the polarization-specific postulates of Increased Spread (IS) and
Increased Bipolarity (IB), the following proposition holds:

Proposition 3 [IS and IB for two non-overlapping groups]

Let k =2 and assume that the two groups are divided by the median, so that they do
not overlap. Then the polarization index P defined in equation 21 always satisfies
the IB postulate, while it satisfies the IS postulate if the number of individuals whose
income is between the incomes of the two individuals involved in the regressive trans-
fer is smaller than %(n -1).

For proof of Proposition 3 see Appendices B.1 and B.3, respectively (in the Online
Supporting Information).

According to Proposition 3, in the case of two non-overlapping groups, a suf-
ficient condition for the Increased Spread (IS) property to hold is that at most two
thirds of the population has income between the incomes of the two individuals
involved in the IS transfer. Roughly speaking, consider an individual / with income
below the median and an individual g with income above the median, so that the
proportion of individuals between them does not exceed two thirds: if the distance
between the incomes of individuals /2 and g increases, then the proposed polariza-
tion index will increase.

5.2. Two Overlapping Groups

Proposition 4 below discusses the scenarios of minimum and maximum
polarization for the case of two overlapping groups.

Proposition 4 [Minimum and maximum polarization of two overlapping
groups]

(a) The polarization index P defined in equation 21 is maximal (equal to 1)
if the groups are of equal size, at maximal distance from each other, and

with no within-group inequality, which means, for a given overall mean X, if
x,=(0,....0) and x, = (2%, ... ,2X).

(b) The case of minimal polarization depends on group sizes. For two groups of
equal size, the polarization index P defined in equation 21 is minimal and
equal to 0 if distributions of the two groups perfectly overlap and the with-
in-group inequality is maximal, which means, for a given overall mean X, if
X; =X, = (0, ...,0, %)

Regarding the polarization-specific postulate of Modified Increased Spread
(MIS), the following holds:

Proposition 5 [MIS for two overlapping groups]

In the case of k = 2 groups, the postulate of Modified Increased Spread ( P6") is
satisfied by the polarization index P defined in equation 21 if
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Z (tl-l-ﬁ) Z [1(y2m >y11‘)_1(yZm <y1i)] + 2 (a+ﬂ_2(xli_x2m)) 20’
= = (X, < X1;)
A(y2m > yli)

where 1(-) is the indicator function, and the symbol A represents the logical conjunc-
tion “and".

The proof'is shown in Appendix B.2 (in the Online Supporting Information).[]

The condition expressed in Proposition 5 means that the Modified Increased
Spread postulate is satisfied if, for any individual 7 belonging to group 1, the num-
ber of individuals of group 2 who are richer than him is higher than the number
of individuals of group 2 who are poorer than him, both after (see expression
Y, 100,,, > »,)~1(»,,, <)) and before (see expression ¥ a + f—=2:(x,~x,, )) the
transformation required by postulate P6"; in brief, polarization increases if there is
little overlap between the two groups.

An easy-to-verify sufficient condition for property P6" is given by m(x,) < m(x,),
where m(x,) and m(x,) are the median incomes of the first and second groups. In
other words, the polarization index P satisfies the Modified Increased Spread pos-
tulate if the medians of the two groups are ordered in the same way as their means
(i.e. X; < X, and m(x,) < m(x,)).

Next, we investigate the postulate of Modified Increased Bipolarity (MIB) in
the case of two overlapping groups.

Proposition 6 [MIB for two overlapping groups]

In the case of k = 2 groups, the postulate of Modified Increased Bipolarity
(P7") is met by the polarization index P defined in equation 21 if

n

(Fl(h*>—F1(g*) + nil) (52+1) > 2 (R()-F)).

where F) is the cumulative distribution function of group I, with | =1,2.

See the proof'in Appendix B.3 (in the Online Supporting Information). O

If inequality within one group decreases, then P should increase. Since this
change affects both G" and G2, the overall effect on the polarization index P pro-
posed in equation 21 depends on the degree of overlap between the group distribu-
tions. Intuitively, Proposition 6 requires that the majority of the individuals with
income between x;,. and xy;, should belong to group 1 rather than group 2.
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6. THE GENERAL CASE OF Kk = 2 OVERLAPPING GROUPS

Now let k> 2 groups be given to possibly overlap. We consider the same
modified polarization postulates P6" (MIS) and P7* (MIB) as before. However,
now the conditions under which P satisfies them are more intricate.

Proposition 7 [MIS for many overlapping groups]
Let k > 2. Then the postulate of Modified Increased Spread (P6") holds if

A+B+C >0,
with

jm

B :Zj#(l,k) 2;11 (a n{,=1 ( im < yky) 1( ]m > Vi ) + Zm(vk,<v <}k,)a 2( xki)) >

jm

A=Zj¢(1,k;2?'=1<ﬁz,;;=1( >y11) 1( ,m<y1,)+zm(}l,<\ <x1,)ﬂ 2(xll X»,,,)),
)

C= an 1 ((Z + ﬂ) Zm 1 (l(ykm > yli)_l(ykm < yli)) + Z ) a+ ﬂ_z(xli_ka) .

M:(ka < Xy
/\(ykm > yli)

The proof'is given in Appendix B.4 (in the Online Supporting Information). ]

As for k = 2, the condition given in Proposition 7 means that the overlap must
not be “too large.” In particular, expressions 4 and B in Proposition 7 monitor the
degree of overlap, respectively, between group 1 and the other groups and between
group k and the other groups. Expression A4 is positive if the number of individ-
uals whose income order is in accordance with the order of their group means
(ie. x, > Vi and X; > X)) is higher than the number of individuals whose income
order is reversed if compared to their means (x,, < y,;and X; > X,). An analogous
interpretation holds for expression B. Expression C refers, instead, to the overlap
between the two groups involved in the transformation, which are group 1 and
group k, and it coincides with the condition required in Proposition 5 for the case
of two groups.

Regarding the postulate of Modified Increasing Bipolarity, we obtain the fol-
lowing result:

Proposition 8 [MIB for many overlapping groups]

Let k > 2. Then the postulate of Modified Increased Bipolarity (P7") is satisfied if

k

<F1(h*)—F1(g*)+%><l ) > L (- Fg).

n

where F is the cumulative distribution function of group I, with [ =1, ..., k. The proof is
given in the Appendix B.5 (in the Online Supporting Information).
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The MIB postulate states that any progressive transfer occurring within any
subgroup distribution should increase polarization. In particular, if the inequality
within at least one group (here, w.1.0.g., we consider group 1) is reduced, this change
affects both G" and G?. Proposition 8 says that the overall effect on the polariza-
tion index P defined in equation 21 depends on the degree of overlap between the
group distributions. In particular, the polarization measure P will increase if the
overlap among groups is not too high; that is, if most of the individuals whose
income lies between x,,. and x;,. belong to the same group 1 rather than to other
groups.

7. AN EMPIRICAL APPLICATION

The empirical application is aimed at comparing the new polarization index
with other polarization measures proposed in the literature and is focused on
measuring polarization of incomes in Germany and Italy. We consider two
different scenarios. First, we measure (income) bipolarization in the sense of
Wolfson, meaning that two groups are formed by separating the population at
the median income. In the second part of the application, we consider a situation
where groups are identified not by income differences but, rather, by differences
in the place of residence. This is a special case of what Gradin (2000) calls “socio-
economic” polarization. We will refer to this second scenario as “regional polar-
ization” throughout this section.

7.1. Data

For our application, we use data from two different sources. The first source is
the EU Statistics on Income and Living Conditions (henceforth EU-SILC), pro-
vided by Eurostat. Since this survey is designed for collecting timely and compara-
ble cross-sectional and longitudinal multidimensional microdata on income,
poverty, social exclusion, and living conditions, it is perfectly suited for measuring
and comparing polarization for Germany and Italy (see, e.g., Eurostat, 2007).
Unfortunately, for Germany we do not have regional codes, so we are not able to
measure regional polarization for Germany based on this survey. Therefore we
incorporate a second source, the German Socio-Economic Panel (henceforth
SOEP; see, e.g., Wagner et al., 2007).1°

For both sources, we have income data referring to all years from 2005 to
2011. We use household data and equivalized household disposable income as the
variable of interest.!! For computing regional polarization, we use the place of
residence, splitting Germany into West and East and Italy into North, Central, and
South; hence, we handle situations with two as well as three groups.

10Both sources lead to comparable results when we compute the bipolarization measures for
Germany.

"For computing the equivalized income, we use the modified OECD scale, which assigns a value
of 1 to the household head, a value of 0.5 to each additional adult, and a value of 0.3 to each child
below 14 years old.
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7.2. Bipolarization

We first consider the more familiar scenario of (income) bipolarization as in
Wolfson’s approach. We apply both the Wolfson and the new polarization mea-
sure to German and Italian data, splitting each population into two groups by
the country-specific income median. This allows us to compare the two countries
and the two measures as well. To get a closer insight into the two measures, we
also report the corresponding Gini index decompositions, as well as the Gini
index of the low- and the high-income groups (see Tables 1 and 2). We also report
95 percent bootstrap confidence intervals, which have been obtained from year
2000 bootstrap replicates of the original samples. Since we are in the special
situation of two equally sized groups, we can observe the relation between the
two within-group components, namely that the within-group component of the
Wolfson measure is half the within-group component of the new measure.

With respect to measuring (income) bipolarization, the two polarization mea-
sures (the Wolfson’s and the new index proposed) show similar results. In partic-
ular, according to both measures, income bipolarization in Italy has significantly
decreased from 2006 to 2012 (see Table 1). On the contrary, in Germany polariza-
tion has not changed significantly over the period under consideration; this result
does not depend on the polarization measure employed.

Looking at the Wolfson measure, levels of polarization are much higher in
Italy than in Germany for all years. The new polarization measure, instead, reg-
isters much smaller differences between the two countries, although the direction
of change is the same. Looking, moreover, at the within- and between-group Gini
index, we note that the overall inequality is also higher in Italy than in Germany.

7.3. Regional Polarization

We now consider a situation in which identification and alienation are not
based solely on income disparities but also on differences in the place of residence.
In this context, the Wolfson and any other bipolarization measure are of no use, so
we will compare the new measure with the index PV proposed by Lasso de la Vega
and Urrutia (2006), defined as in expression (3). For the latter, two different set-
tings for the parameters a and 8 will be considered.!?

Before performing this second analysis, one should verify that the conditions
required by the Modified Increased Spread and the Modified Increased Polarity
properties (see Propositions 5-8) are satisfied in this context. The Modified
Increased Spread property holds both for Germany and for Italy in all years, while
the Modified Increased Polarity property may depend on the income levels and
on the groups of the two individuals involved in the transfer. We have simulated
all possible transfers and in all cases the condition holds for Italy as well as for

2For K, we have chosen K = k2 * ¢/[2(k—1) log (k-u—k + 1)], with k being the number of groups.
Assuming that the minimal mean income of a group is one—keep in mind that the measure is not de-
fined for mean incomes of zero—this choice of K normalizes the measure between 0 and 1. Therefore
K depends on the number of groups and differs between Germany and Italy.
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Germany. (The data are not shown here, but are available from the authors upon
request.)

Estimates of both polarization measures (P™V and the new index proposed)
are shown in Tables 3 and 4, again accompanied by associated bootstrap confi-
dence intervals and by the within- and between-group components of Okamoto’s
Gini decomposition. We first notice that for both countries the values of the new
measure are now lower than in the previous analysis of income bipolarization. This
is due to the fact that the inequality within regional groups is much higher than in
the groups divided by the median income, while the income disparities among
regional groups are much lower than the disparities across the income groups. This
seems plausible since in this second analysis we allow the groups to overlap, so the
difference between groups can potentially be much lower.'?

Tables 3 and 4 clearly show that regional polarization is significantly higher
in Italy than in Germany for all years, according to both Lasso de la Vega and
Urrutia (2006) and to the new measure. This is mostly due to the fact that the
inequality within the Italian macro-regions (North, Central, and South) is higher.
The between-group component is quite low in both countries, meaning that there
is a high degree of overlap across the regional income distributions. Over time,
both polarization measures reveal no significant changes in regional polarization
in [taly and in Germany.

8. CoNCLUDING REMARKS

In this paper, we have proposed a new polarization measure that resem-
bles the structure of the polarization index proposed by Wolfson (1994), while
simultaneously reflecting the ideas of identification and alienation introduced by
Esteban and Ray (1994). The new polarization index is based on a recent decom-
position of the Gini index by Okamoto (2009), which divides the overall inequal-
ity into a within-group and a between-group component. By making use of this
decomposition, the new index maintains the simplicity and immediate compre-
hension of the Wolfson index, while being much more flexible.

The increased flexibility refers to two aspects of polarization measurement: (i)
the new index allows for the presence of more than two groups, and (ii) the groups
may also overlap. The new approach, therefore, accommodates both researchers
who are interested in measuring the traditional income bipolarization and those
who assume that the population is made up of more than two groups, even if the
groups are formed by characteristics other than income—a situation that generally
introduces some overlap between the groups. The empirical application has shown
how the new approach enriches the analysis based on standard measures of income
polarization and how it contributes to disentangling the different faces of polar-
ization analysis.

3If the overlap is very large, the between-group component can even tend to zero, independent of
the overall or within-group inequality.
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Finally, similar to socioeconomic inequality, polarization may be seen as a
multivariate phenomenon that takes account of not only income but also attri-
butes such as wealth, education, and health variables. Okamoto (2009) has pro-
vided analogous decompositions for two multidimensional extensions of the Gini
index, such as the Distance Gini index and the Volume Gini index (Koshevoy and
Mosler, 1997). Multivariate polarization indices can be based on these decompo-
sitions and developed along the lines of Gigliarano and Mosler (2009). However,
this is a matter for future research.
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