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Differential unit non-response in household wealth surveys biases estimates of top tail wealth shares
downward. Using Monte Carlo evidence, I show that adding only a few extreme observations to
wealth surveys is sufficient to remove the downward bias. Combining extreme wealth observations
from Forbes World’s billionaires with the Survey of Consumer Finances, the Wealth and Assets Sur-
vey, and the Household Finance and Consumption Survey, I provide new improved estimates of top
tail wealth in the United States, the United Kingdom, and nine euro area countries. These new esti-
mates indicate significantly higher top wealth shares than those calculated from the wealth surveys
alone.
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1. INTRODUCTION

Understanding the wealth distribution is important for a number of reasons.
For instance, any analysis of taxation and redistribution policies crucially depends
on the shape of the wealth distribution. As wealth is usually very concentrated at
the top, measures such as the share of wealth held by the top 1 or 5 percent of
households carry a broader importance as measures of wealth inequality. Despite
the obvious importance, accurate measurement of the wealth distribution, and
especially its upper tail, has proven to be very difficult.

Recently, a new survey, the Eurosystem Household Finance and Consump-
tion Survey (HFCS), covering in its first wave 15 countries from the euro area,
expands enormously the number of countries for which wealth distribution esti-
mates can be made. In the years to come, this survey is likely to add substantially
to the knowledge of the wealth distribution in Europe. Similarly, the UK Wealth
and Assets Survey (WAS) is a relatively recent addition to the set of wealth
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surveys. A better understanding of these recent European surveys, and especially
their measurement of top tail wealth, is our first concern. The U.S. Survey of
Consumer finances (SCF), sponsored by the Board of Governors of the Federal
Reserve System, is added to the analysis as it oversamples heavily at the top of the
distribution and forms an interesting comparison.

The first contribution of this paper is to provide new estimates of the share
of wealth held by the top 1 and 5 percent richest households in the U.S., the
U.K., the Germany, France, Italy, Spain, the Netherlands, Belgium, Austria, Fin-
land, and Portugal. It does so based on an analysis of household survey data
combined with Forbes World’s billionaires list. For the euro area countries, the
analysis is therefore restricted to those which have individuals on this list.

Besides providing new estimates, this paper also makes a methodological
contribution. Wealth estimates from surveys will (almost) always underestimate
top tail wealth. The main reason causing this downward bias is the existence of
differential unit non-response, the fact that richer households are less likely to take
part in such surveys. When non-responding households have greater wealth in
some systematic but unobserved way, wealth estimates will be biased downward,
and estimates of tail wealth will be particularly affected. On the methodological
side, I provide new insights into the importance of differential unit non-response
of the wealthy in the SCF, WAS, and HFCS for tail wealth measurement.

Finally, I propose a method to alleviate the effect of differential unit non-
response on the estimates of tail wealth. The method consists in replacing the tail
observations with a Pareto distribution that is estimated on a combined sample of
survey tail observations and extreme wealth observations obtained from another
data source. I show, using Monte Carlo simulation, that this method, under the
assumption that tail wealth is Pareto distributed, is able to recover unbiased esti-
mates of tail wealth, even if surveys suffer from differential unit non-response. I
apply this method, add the Forbes World’s billionaires list to the survey data, and
provide new tail wealth estimates.

This paper belongs to a literature with a long tradition of wealth distribution
estimation. Essentially, researchers have come up with widely different methods
to estimate top tail wealth, mainly as a function of the data at hand.! Methods
can broadly be divided into five groups. First, in a few countries with a wealth
tax, researchers have been able to use official wealth (tax) records. This has been
the case, for example, in Roine and Waldenstrom (2009) for Sweden, Alvaredo
and Saez (2009) for Spain, and Dell et al. (2007) for Switzerland. Second, estate
tax records, which give information on taxable inheritances, can be used through
the estate multiplier method to estimate wealth holdings of the living. This is an
old and large literature. Some of the more recent findings are Kopczuk and Saez
(2004) for the U.S. and Piketty ez al. (2006) for France. Third, capital income
information from tax records can be used to construct wealth estimates assuming
certain rates of return on wealth. See, for instance, the recent study by Saez and
Zucman (2014) for the U.S. Fourth, household wealth surveys that are representa-
tive of the population can provide direct estimates of the wealth distribution.
And, finally, lists of wealthy individuals provided in the media or other sources

"Roine and Waldenstrom (2014) provide a recent overview of the literature.
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can be used to estimate top tail wealth. This paper combines household wealth
surveys with such data.

Using household wealth surveys to estimate wealth distributions is likely to
remain important in the future. First, only a few countries have a wealth tax and
many have large exemptions on inheritance tax so that administrative records do
not exist or are limited in scope. Second, where tax or other records exist, they
might not be made available to researchers for confidentiality reasons. Gaining a
deeper understanding of the limitations of survey data and proposing methods to
alleviate some problems has been the main motivation for this study.

The remainder of the paper is structured as follows. Section 2 describes the
data used, the SCF, the WAS, the HFCS, and Forbes World’s billionaires. It also
contains a discussion of the issue of oversampling and non-response. Section 3
discusses how the Pareto distribution can be estimated using survey data. The sec-
tion draws on the power law literature. My contribution to this literature is a dis-
cussion of how to deal with complex survey data, where the weights of the sample
points are important. It also contains a Monte Carlo study, illustrating that infor-
mation from rich lists can improve Pareto estimates in the presence of differential
unit non-response. Section 4 provides new estimates of the share of wealth held
by the top 1 and 5 percent households. Section 5 concludes.

2. THE DATA
2.1. The U.S. SCE, the UK. WAS, and the Eurosystem HFCS

This paper combines the 2010 wave of the U.S. SCF, the second wave of the
U.K. WAS, the first wave of the HFCS, and the Forbes World’s billionaires list
(for the years 2009-11) to estimate wealth at the upper tail of the distribution.
The SCF is a triennial survey of U.S. household wealth, sponsored by the Board
of Governors of the Federal Reserve System. It provides the most comprehensive
source of wealth information of U.S. households, collecting detailed data on
assets and debts of around 6,000 households. The HFCS provides detailed infor-
mation on household assets and debts of individual households in 15 euro area
countries. In total, there are more than 62,000 households in the dataset. The col-
lection period of the data differs across countries and ranges from 2008 to 2010.
For most countries, the wealth recorded in the survey is what it is at the time of
the interview. The only exceptions are Finland and the Netherlands, where wealth
is provided for December 31, 2009, and Italy, for December 31, 2010. The WAS is
a longitudinal sample survey of households in the U.K. Wave 2 of the survey col-
lected household wealth data over a period from July 2008 to June 2010. Around
20,000 households responded in the second wave of the WAS survey.

I use the HFCS data for Germany (2010), France (2010), Italy (2010), Spain
(2008), the Netherlands (2009), Belgium (2010), Portugal (2010), Austria (2010),
and Finland (2009) (in brackets are the reference years for the wealth). I drop
Greece, Cyprus, Malta, Luxembourg, Slovakia, and Slovenia from the dataset, as
these countries had no Forbes billionaires at the time of the survey. The concept
of wealth that is used is that of “household disposable net wealth.” As discussed
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in Wolff (1990), that is a conventional measure of all assets that have a current
market value less liabilities.?

The SCF, the WAS, and the HFCS survey samples are purposefully designed
to be representative of the household population of the respective countries. The
survey samples are obtained through probability sampling, using a complex sur-
vey design. Complex survey designs imply a combination of stratification, cluster-
ing, and weighting of the data. By design, sample inclusion probabilities vary
across households. Sample weights are provided and each sample weight signifies
the number of households in the population that the sample point represents. The
total sum of weights for each country is equal to the total number of households
in the population.

The SCF and the HFCS do multiple imputation to deal with missing
observations. For each missing observation, five imputations are made. This
implies that the data are provided as five replicates of the dataset, called
“implicates” in the parlance of the SCF (Kennickell, 1998). For variance estima-
tion, the survey provides bootstrap weights. In the estimation results below,
these bootstrap weights are used to provide standard errors around the mean
estimates. The WAS uses single imputation and does not provide bootstrap
weights for variance estimation. The WAS results therefore do not allow con-
struction of standard errors for the estimates relating to the U.K. wealth
distribution.

A more detailed description of the SCF, WAS, and HFCS methodologies can
be found in Kennickell (2000), ONS (2012), and HFCS (2013). For comparison
purposes, the SCF data are converted into euro using the dollar/euro exchange
rate of 1.3572 on February 12, 2010 (which coincides with the date of the Forbes
list); the WAS data are converted into euro using the pound/euro exchange rate of
0.867183 (which is the average over the data collection period from July 2008 to
June 2010).

2.2. Oversampling the Wealthy and Differential Unit Non-response

Wealth is heavily concentrated at the top tail of the distribution. To increase
efficiency, wealth surveys usually attempt to oversample the wealthy. The word
“attempt” is used purposefully here, as success is not guaranteed. In practice,
extraneous information such as tax registers or other information are used to con-
struct a sampling frame that allows oversampling of a part of the population
thought, on average, to be wealthier.

Efficiency is not the only challenge (one can always increase the sample size);
another big challenge in wealth estimation at the top is the existence of differen-
tial unit non-response. There is a strong presumption among survey specialists

The list of assets that are included are owner-occupied housing, other real estate, vehicles, valua-
bles, and self-employment businesses, non-self employment private businesses, checking accounts, sav-
ing accounts, mutual funds, bonds, shares, managed accounts, other assets, private lending, voluntary
pension plans, or whole life insurance contracts. Liabilities include both mortgage and non-mortgage
debt. Household disposable net wealth explicitly excludes future claims on public pensions or occupa-
tional pension plans, human capital, and the net present value stream of future labor income.
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TABLE 1
THE OVERSAMPLING METHOD IN THE SCF, THE WAS, AND THE HFCS

Using individual information

U.S. List based on income tax information
Spain List based on taxable wealth information
France List based on taxable wealth information
UK. Tax returns at address level

Finland Income information from register

Using geographic income information

Belgium Average regional income

Germany Taxable income of municipalities

Using geographic information

Austria Vienna oversampled

Portugal Lisbon and Porto oversampled

No oversampling

Italy No oversampling

Netherlands No oversampling

Source: Author’s construction based on Kennickell (2009a), HFCS (2013), and ONS (2012).

that unit non-response is positively correlated with wealth.> Whereas unit non-
response is generally dealt with by rescaling the weights of all respondent house-
holds, differential unit non-response of wealthy households can only be dealt with
effectively if weights are rescaled selectively.

Stratified sampling from a special sampling frame to oversample the
wealthy allows for selective reweighting. This is the case for the SCF. The
SCF uses a dual frame to sample households. A representative area probabil-
ity sample is combined with a high-income sample which is drawn from a
sampling frame constructed using federal tax returns. From the high-income
sampling frame different strata are constructed, with higher strata having
higher income (and greater expected wealth) and higher oversampling rates.*
The different strata from the high-income frame allow one to address differ-
ential unit non-response by selective rescaling of weights. For the high income
sample points of the SCF, a wealth index (an estimate of wealth based on
income tax information) can be constructed. Kennickell and Woodburn
(1997) report that sampled individuals with a wealth index between US$1 mil-
lion and US$2.5 million have a response rate of 34 percent, whereas those
with a wealth index between US$100 million and US$250 million have a
response rate of 14 percent. This illustrates the differential unit non-response
problem. Unfortunately, outside of the SCF, relatively little is known about
the correlation of non-response with wealth.

Sampling frames used to oversample the wealthy differ dramatically across
surveys. Table 1 provides an overview of the different methods used to oversample

SHousehold wealth survey specialists would generally agree that there is a strong presumption
that non-response is positively correlated with wealth. Of course, the wealth of the non-respondent
households is in principle unknown. However, for evidence that non-response is correlated with finan-
cial income in the SCF, see Kennickell and McManus (1993).

“Details are provided in Kennickell (2007).
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the wealthy. Oversampling using information at the individual level of wealth or
income is done in the U.S., the U.K., Spain, France, and Finland. Regional
income information is used in Germany and Belgium. Austria and Portugal over-
sample the largest cities. Finally, in the Netherlands and Italy no oversampling is
done.

One should expect that having wealth tax data to design different strata is bet-
ter than income tax data, which in turn is clearly much better than having only aux-
iliary information to construct strata such as geography. The geographic criterion
uses the idea that the rich tend to live in particular places. Of course, this is bound
to be less precise than having direct income or wealth information to stratify sam-
ples. Alternatively stated, within a geographic stratum, the differential unit non-
response problem will still exist.” Given these large differences in oversampling
methods, it should not come as a surprise that the degree of oversampling dramati-
cally differs across countries as does the possibility of adjusting selectively the
weights for differential unit non-response. So both efficiency in top tail estimation
and the magnitude of the bias will differ across countries.

Indeed, interestingly, and ultimately not surprisingly, these methods of over-
sampling correlate quite nicely with the fraction of the sample observations that
are from the tail. Table 2 enumerates the survey sample size and the number of
wealthy. Being wealthy is defined using three thresholds: having net wealth larger
than €2 million, €1 million, and €500,000. In the SCF data, the fraction of obser-
vations from the tail is the largest: 15 percent of the SCF sample has wealth over
€2 million. This is not just a reflection of the presence of greater wealth in the
U.S. but, rather, is indicative of the very high rate of oversampling in the SCF. In
Spain, the U.K., and France, three other countries using individual information
to oversample the wealthy, 9, 5, and 4 percent of the sample respectively are
households with wealth above €2 million. The two countries using geographic
income information, Belgium and Germany, have 3 and 2 percent of the sample
respectively with wealth above €2 million. The countries for which only geo-
graphic information is used, Portugal and Austria, only have a rather small 2 and
1 percent of the sample in the highest wealth category. In the cases of no oversam-
pling, Italy and the Netherlands have 1 and 0 percent respectively. Finland is
somewhat of an outlier. Although it uses individual income data from registers to
oversample the wealthy, it still only has 1 percent of the sample with wealth above
€2 million.

In practice, successful oversampling leads to many wealthy households in the
sample, all with relatively low survey weights. Unsuccessful oversampling, or no
oversampling at all, leads to few wealthy households in the sample, each with rela-
tively high weights.

To provide further evidence that the high numbers of sample observations in
the tail are really the result of oversampling, Table 3 shows the number of

Obviously, the extent of the problem will be a function of the granularity of the sample design.
For instance, in Germany, income tax statistics were used to identify small municipalities (defined as
those with fewer than 100,000 inhabitants) with a large share of wealthy households. These municipal-
ities are oversampled. Households within those municipalities are randomly selected. So within those
municipalities differential unit non-response can still occur. Details of the German sample design are
given in von Kalckreuth ez al. (2012).
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TABLE 4
THE FORBES BILLIONAIRES LIST: NUMBER OF PEOPLE AND NOMINAL WEALTH

Number of Total Wealth of Forbes  As Percentage of

Date Individuals Billionaires Country Wealth
U.Ss. February 12, 2010 396 978.6 23
Germany February 14, 2011 52 183.3 2.4
UK. February 13, 2009 37 84.8 0.7
Italy February 14, 2011 14 46.6 0.7
Spain February 13, 2009 12 28.3 0.6
France February 12, 2010 11 60.1 0.9
Austria February 14, 2011 5 13.0 1.2
Netherlands February 12, 2010 3 4.8 0.4
Portugal February 12, 2010 2 4.1 0.7
Finland February 12, 2010 1 1.0 0.2
Belgium February 12, 2010 1 1.9 0.1

Source: Author’s calculations based on Forbes World’s Billionaires, the SCF, the WAS, and the
HFCS.
Note: Total wealth in billion euro.

households that those observations in the tail represent (i.e. their weight). For
instance, for the category above €2 million, Spain has 544 sample observations
(Table 2) representing 139,539 households (Table 3); whereas Germany has a sam-
ple of 85, representing almost three times as many households. The Netherlands,
with no oversampling, only has two households in the sample above €2 million.
One immediately observes how efficiency of tail estimation will be dramatically
affected by the different rates of oversampling.

2.3. Forbes Data

Media lists of wealthy individuals provide another source of information on
the wealth of the very top of the distribution. The SCF, the WAS, and the HFCS
do not capture the absolute top. The SCF explicitly excludes individuals of the
Forbes 400 wealthiest people in the U.S., presumably to preserve confidentiality
(Kennickell, 2009a).

One widely known list is the annual Forbes World’s billionaires list. An indi-
vidual is on this list if his or her wealth is estimated to be above US$1 billion. For
the pélrpose of this paper, the wealth of individuals on the list is recalculated in
euro.

Table 4 shows the number of individuals on the Forbes World’s billion-
aires list, the total wealth they have, and their wealth as a percentage of total
household wealth of the country (as estimated directly from the survey). Note
that the SCF, WAS, and HFCS surveys differ slightly with respect to the refer-
ence years, the range depending on the country from 2008 to 2010. For most
countries, the wealth recorded in the survey is what is recorded at the time of

®The Forbes list calculates wealth at the end of February for each year. I use the dollar/euro
exchange rates of 1.2823 for 2009, 1.3572 for 2010, and 1.344 for 2011. Therefore, an individual is on
the Forbes list if he or she has a wealth of approximately €740 million.
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TABLE 5
THE GAP: MAxiMUM NOMINAL WEALTH VERSUS MINIMUM AT FORBES (MILLION EURO)

Maximum Wealth, SCF/WAS/HFCS Minimum Wealth, Forbes
U.S. 806 737
France 153 810
UK. 92 780
Spain 409 780
Finland 15 958
Germany 76 818
Belgium 8 1,920
Austria 22 1,560
Portugal 27 1,110
Ttaly 26 893
Netherlands 5 958

Source: Author’s calculations based on Forbes World’s Billionaires, the SCF, the WAS, and the
HFCS.
Note: The maximum is over all five replicates of the dataset (for the HFCS and the SCF).

the interview. The period over which the set of households is interviewed lasts
for multiple months. Therefore, I match the survey of each country with the
date of the Forbes list that comes closest to the interview period. For the Neth-
erlands, Finland, and Italy, where wealth is measured on December 31, I match
the survey with the Forbes list of the following February. As the largest coun-
try, the U.S. has the most individuals on the list, with Germany and the U.K.
second and third. Note that the individuals on the Forbes list can add signifi-
cant information on the tail. For instance, the HFCS survey sample in Ger-
many only has 85 individuals with wealth above €2 million, whereas there are
52 individuals on the Forbes billionaires list. For Italy, these numbers are 78
versus 14. For the Netherlands, there are more individuals on the Forbes bil-
lionaires list, namely three, than there are households in the HFCS sample
above €2 million, namely only two.

Table 5 compares the maximum wealth found in the SCF, the WAS, and
the HFCS with the minimum wealth of a person on the Forbes World’s billion-
aires list. In principle, the SCF, the HFCS, and the WAS cover all resident
households, and thus also potentially billionaires. In practice, only the SCF
survey contains billionaires. In the SCF, there are sample observations that
have greater wealth than the poorest Forbes billionaire. The very high oversam-
pling rate of the wealthy in the SCF is clearly very effective. Contrary to the
SCF, there is a serious gap between the richest household in the HFCS and
the WAS and the poorest person on the Forbes list. Such a gap can be found in all
countries. So the first observation is that none of the households in the HFCS or
the WAS comes even close to the wealth levels of individuals on the Forbes billion-
aires list. The gap between the poorest person on the Forbes list and the wealthiest
household in the surveys is very large. So, with the only notable example of the SCF,
households that fall in between the richest household surveyed and the poorest For-
bes billionaire are not in the sample. Note that among the HFCS surveys, the Span-
ish one shows the highest maximum wealth (€409 million). This is likely not a
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coincidence, as this survey arguable does a very good job in oversampling the rich
(using wealth tax records).

The method of oversampling of the rich is correlated with this gap. The
highest maximum wealth in the HFCS is found in Spain and France (€409 mil-
lion and €153 million, respectively), two countries where oversampling is done
based on individual wealth tax records. Also, the WAS for the U.K. has a rela-
tively large maximum wealth of €92 million. The Netherlands, with no oversam-
pling, has a rather low value of the maximum of wealth, namely €5 million. The
other country with no oversampling, Italy, also has a low maximum value of
wealth (€26 million). Also, the use of only geographic information, which is the
case for Portugal and Austria, or geographic income information, in the cases of
Belgium and Germany, does not guarantee observation of a high maximum of
wealth.

To conclude, very rich households are not in the HFCS sample due to a com-
bination of non-response and lack of effective oversampling, with the effective-
ness varying greatly across countries. The few wealthy households in the tail that
were sampled (in case of low oversampling) likely refused to answer the wealth
surveys. Effectively, they are replaced by other households that have lower wealth.
Only when a dramatic effort is being made to oversample, such as in the SCF, the
WAS, and for France and Spain in the HFCS, can one observe a larger maximum
of wealth.

3. A PARETO LAW FOR THE TAIL OF THE WEALTH DISTRIBUTION
3.1. The Pareto Distribution

Davies and Shorrocks (1999) list two “enduring features of the shape of the dis-
tribution of wealth: 1) it is positively skewed 2) the top tail is well approximated by a
Pareto distribution.” The Pareto distribution has been used to approximate the tail
of the wealth distribution in a number of distinct settings. First, extreme wealth
observations have been modeled as a Pareto distribution. For instance, Ogwang
(2011) estimates Pareto distributions for the 100 wealthiest Canadians for the years
19992008, Levy and Solomon (1997) estimate a Pareto distribution for the Forbes
400 wealthiest people in the U.S. for the year 1996, and Klaas et al. (2006) estimate
Pareto laws using the Forbes 400 in the U.S. for the period 1988-2003.”

Another use of Pareto distribution has been to extrapolate existing tail observa-
tions “backward.” For example, Kopczuk and Saez (2004) use long historical estate
tax data to estimate the evolution of wealth of the top 1 percent of the U.S. wealth
distribution. As before 1945 less than 1 percent of the population needed to file, they
use a Pareto extrapolation to estimate the wealth share of the top 1 percent. A third
use of the Pareto distribution has been to extrapolate truncated survey data
“forward.” For instance, Avery et al. (1988) extrapolated the first SCF data of 1983
(and the 1963 Survey of Financial Characteristics of Consumers) beyond US$60

"I follow the mainstream literature and approximate the top using a Pareto distribution. With
available sample sizes, other distributions with long fat tails are often hard or impossible to distinguish
from the Pareto distribution. For a study which compares the Pareto distribution with the log-normal
and the stretched exponential, see Brzezinski (2014).
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million by estimating first a Pareto distribution on the sample above US$10 million.
I will show below that extrapolation using only the survey data leads to too low tail
wealth estimates in the presence of differential unit non-response.

The Pareto distribution has the following complementary cumulative distri-
bution function (CCDF):

(1) POW > w)z(‘%m)“,

defined on the interval [wpy,, 00) and o > 0. The parameter wy,, determines the
lower bound on the distribution. The parameter «, also called the tail index®,
determines the “fatness” of the tail. The lower the value of «, the fatter is the tail,
and the more concentrated is wealth.

Note that it is useful to keep the distinction between the theoretical Pareto
distribution and the notion of a power law in a finite population. Finite popula-
tions that follow a power law can be seen as a (potentially very large) sample
drawn from a Pareto distribution.

Imagine a finite population of N households, each having wealth at or above
Wmin- Let w; be the wealth of household i, and denote by N(w;) the number of
households that have wealth at or above w;. We say that wealth in this population
follows an (approximate)'® power law if the empirical CCDF of the population
follows approximately the CCDF of a Pareto distribution:

N i min *
) % o~ (WT) Y

3.2. Estimation of the Power Law on Samples from Complex Survey Designs

Estimation on Simple Random Samples versus Samples from Complex Survey
Designs

There exists a large literature on the estimation of power laws in simple ran-
dom samples. For detail on different methods, the interested reader is referred to
Gabaix (2009) and Clauset ez al. (2009). However, estimation methods on simple
random samples cannot simply be applied to samples from complex survey
designs where observations have weights and are not i.i.d. In this section, I show
how to adapt estimation methods of power laws for simple random samples to
methods suitable for samples from complex survey designs, taking into account
the weights of the sample points. As far as I can tell, this exposition is new to the
literature.

The density of the Pareto distribution is given by:

8This term appears in Gabaix and Ibragimov (2011). Alternative terms appearing in the literature
are “Pareto exponent” and “tail exponent.”

Note that these N households could be part of a larger population. Generally, wpi, could thus be
a large number. We only consider here the tail, that is, the N richest households.

In reality, power laws will always be approximate in the data. However, for simplicity,
“approximate” is dropped from the further discussion.
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oow®

G) Sl)="Cmn,

so that it is straightforward to show that the maximum likelihood estimator of o
from a simple random sample of n observations {w;,i=1,...n} drawn from a
Pareto distribution with known w,,,;,, is given by

-1
n] ;
@ a;ﬂ:[_z;ln (= )] .

i=1

Now, % o, gives an unbiased estimate of o (Rytgaard, 1990).

Without some adjustment, the maximum likelihood estimator should not be
used on complex survey data. The sampling observations of the SCF, the WAS,
and the HFCS, due to the complex survey design, are not i.i.d., a requirement for
maximum likelihood. Because the exact detail of the sampling method is
unknown (the SCF, the WAS, and the HFCS only provide weights, but not the
exact sampling detail), a true likelihood cannot be constructed. Due to stratifica-
tion, clustering, and possible oversampling, some observations will have a much
higher likelihood of occurring in the sample than others. The use of a maximum
likelihood estimator on such samples would clearly lead to erroneous results.

Remember that survey weights represent the number of households that the
sample point represents. One can therefore construct a pseudo-maximum likelihood
estimator that incorporates the weights of the observations as follows. Denote by N;
the survey weight of a household sample observation. Sort the sample observations
from highest to lowest wealth wy, wy, w3, .... Thereafter, consider the first n sample
observations (i.e. those with the highest wealth). Denote by N the sum of the survey

n
weights of the first n observations, Z N;=N. This represents an estimate of the
i=1
number of households that have wealth at least as high as w,,.
The pseudo-maximum likelihood estimate of the tail index is defined by

~ L N,' Wi -
) opml = l;N In (W)]

The pseudo-maximum likelihood estimator has the same form as the maximum
likelihood estimator but takes into account the weights of the sample observa-
tions. Sample observations that represent more households have a larger weight
and are therefore weighted more in the estimation.

The power law relationship (2) also leads heuristically to an alternative esti-
mation method in simple random samples. Start from a population of N house-
holds that follows a power law as in equation (2). Assume that a simple random
sample {w;,i=1,...n} is drawn from the population; observations are sorted
from largest to smallest: w; > w, > w3, and so on. Then i denotes the number of
sample observations that have wealth at or above w;, also called the rank of the
observation. So the rank of the richest household in the sample is one, the rank
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for the second richest is two, and so on. Now, the tail distribution (or one minus
the cumulative relative frequency) in the sample provides an estimate of the tail
distribution in the population. In other words,

N(w;)

©) RELLOY

IR

Yw;.

As the sample gets larger, the estimate will obviously become closer to the true
population figure. Combining this with the power law relationship in the popula-

tion (2), we obtain
o
HWmin Vw;
W, ) i

Taking logs on both sides and rearranging, we obtain a “log-rank-log-size” rela-
tionship, that is, the log of the rank of the observation is a downward-sloping
function of the log of wealth:

1%

()

i
n

(8) In(i)=C—aln(w;),

with C=In(n)+a In(Wyn ).

It is well known that for a simple random sample drawn from a Pareto distri-
bution, a linear regression of the log-rank-log-size relationship leads to a biased
estimate of o (see, e.g., Aigner and Goldberger, 1970). Gabaix and Ibragimov
(2011) show that the bias can be removed (up to first order) by subtracting 1/2
from the rank of the observation. They propose the following regression:

) In(i—1/2)=C—aln(w;).

In a complex survey sample, the survey weights have to be taken into account. For
such a survey, rank the sample households according to wealth. That is, the
wealthiest household has wealth w; and a survey weight of N, the second-
wealthiest household has wealth w, and survey weight of N,, and so on. Define N,

>

the average weight of a sample point (i.e. N = =—), and Ny, the average weight

2o

of the first i sample points (i.e. Ny=“"—). Then one can show that taking the
weights into account leads to the following regression (the derivation of which can
be found in Part III of the Appendix (in the Online Supporting Information):

(10) ln((z’—l/2)%)=c—aln(wi).

Combining Survey with Forbes Data

As discussed above, the SCF, the WAS, and the HFCS do not contain the
very top of the wealth distribution. The Forbes data can easily be combined with
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the survey data in the regression method of estimation. First pool the Forbes with
the survey data and rank the households from highest to lowest wealth. The rich-
est Forbes individual will have wealth w, and a weight of 1, the second-wealthiest
Forbes individual has wealth w, and a weight of 1, and so on. In other words, the
Forbes observations are treated as if they were sample points with a weight of 1.
The richest household in the survey will have wealth wg 1 (if there are K Forbes
individuals richer than this household) and survey weight Nk, and so on. Equa-
tion (10) can then be estimated on the pooled dataset. Note that combining sur-
vey with Forbes data raises the issue of measurement error in both datasets.
Capehart (2014) discusses measurement error problems in rich lists. In addition, a
combination of both datasets in the regression method is only warranted under
the assumption that both the sample and the rich list are consistent with the same
Pareto distribution.

Equation (2) implies that if the data follows a power law, there is a linear
relationship between the empirical CCDF and wealth (scaled by wpi,) on a graph
with a log-log scale. Figures of this relationship are provided in Part II of the
Appendix (in the Online Supporting Information).

3.3. Monte Carlo Results: The Power Law When Survey Data Has Differential
Unit Non-response

The presence of unobserved and uncorrected differential unit non-response
correlated with wealth will have serious consequences for tail wealth estimation.
Such non-response causes the empirical sample distribution of the tail to system-
atically differ from the actual tail distribution in the population. As wealthy
households respond less frequently when being sampled than less wealthy ones,
the tail in the survey sample will be truncated. This causes the tail index to be
biased upward, that is, showing a lower degree of wealth concentration. Total
wealth in the tail will be biased downward.

How biased are estimates of o in the presence of differential unit non-
response? How much bias reduction is possible when oversampling the wealthy
and selectively correcting for non-response (as in the SCF)? Can extra observa-
tions of wealthy individuals from rich lists in the regression method reduce bias
and increase precision, especially when oversampling is lacking or limited? How
much improvement of estimates can we expect? These questions are important.
First, they determine our degree of confidence in estimates of concentration of
wealth in the tail of the population. Second, combining rich lists with survey data
potentially provides a method of improving on estimates of the level of tail
wealth.

To get a handle on those questions, a Monte Carlo study is performed. The
central idea is to model a wealth survey in the presence of differential unit non-
response under two possible sampling schemes: no oversampling versus oversam-
pling of the wealthy. The no-oversampling case corresponds to a simple random
sample of the population, whereas the oversampling of the wealthy corresponds
to a stratified sampling where the population is divided in wealth strata. Obvi-
ously, both sampling schemes are approximations to the complicated (unfortu-
nately unknown) complex survey designs. In reality, to allow for oversampling of
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rich households, stratification is based on some characteristic (e.g. income) corre-
lated with wealth.

The no-oversampling case is more relevant to understanding the results of
surveys such as those in the Netherlands and Italy, whereas the oversampling case
is more relevant for surveys such as the SCF and the Spanish and French HFCS.
The other surveys are somewhat in the middle, as they attempt to oversample the
rich but are not as successful as in the case of the SCF.

First, I explain the main features of the Monte Carlo experiment. Consider a
large country with a tail population of 1 million households, each with wealth above
€1 million. Each individual household’s wealth is drawn from a Pareto distribution
with given tail index «, and threshold wy,;, =1 million. For instance, such a country
could be imagined to be of roughly the size of Germany or France.!' Imagine further
that all households with wealth above €740 million are also on a media rich list, say,
a dollar billionaires list. It is assumed that the rich list is exhaustive.

A sample is drawn from this tail population, with a sample size of 750 house-
holds. Some households respond to the survey while others do not, according to
the non-response mechanism in place. From the sample of survey respondents,
the tail index is estimated using the two estimation methods (equations (5) and
(10)). For the regression method there are two estimates, one using only the sur-
vey observations and another one combining the survey observations with the
rich list. To construct mean estimates and standard errors of the tail index, the
experiment is performed 20,000 times; that is, a new population of 1 million
households is drawn from the same Pareto distribution, a new sample of 750
households is drawn from that population, and the tail index is estimated from
the respondents (with or without the rich list).

The experiment is performed for ten different values of o (e
a=1.1,1.2,...2.0). According to Gabaix (2009), the tail exponent of wealth found in
earlier studies is around 1.5, so that the interval of values of « considered here should
suffice. Each experiment for a given o is performed for the two sampling strategies.

The differential unit non-response mechanism attempts to model a reasonable
relation of wealth with non-response in the population, that is, a differential unit
non-response that mimics reality. There is relatively little existing earlier research on
this issue that would guide one in choosing a reasonable function that links wealth
with non-response. However, Kennickell and Woodburn (1997) provide response
rates for different strata of the wealth index from the list sample for the 1989, 1992,
and 1995 SCF. The response rates across different strata are relatively stable across
different SCF waves, indicating that the positive correlation of wealth with non-
response is a relatively robust feature of the SCF, and one can assume that it is likely
for surveys in other countries. In the 1992 SCEF, individuals with a wealth index
between US$1 million and US$2.5 million have a response rate of 34.4 percent. This
rate gradually declines to 14.3 percent for individuals with a wealth index between
US$100 million and US$250 million. Households’ non-response probability as a
function of wealth is then calibrated to mimic the non-response rate as a function of

"According to the HFCS survey results in Germany, about 1 million households have wealth
above €1 million; in France, this is about 800,000 households. As we are only interested in the tail, the
Monte Carlo only models the tail of the distribution.
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the wealth index in the 1992 SCF. This is done in the following way. The non-
response rates of the six strata in the 1992 SCF are regressed on the log of wealth,
taking the midpoint of the stratum and translating back into 2010 euros. This regres-
sion results in the following relationship between the probability of non-response
and the log of wealth: P(non-response)=0.097167+0.036594 x In (Wealth). This
relationship is our differential unit non-response mechanism.'> The combination of
a random sample of 750 households with the non-response function defined above
leads to roughly 280 households responding and 470 non-responding. According to
the HFCS in Germany, there are 246 households in the sample with wealth above €1
million.

In the no-oversampling case, the survey sample is a simple random
sample where only the aggregate non-response rate is observed. For the case
of oversampling of the wealthy, one first needs to define the oversampling
mechanism. Unfortunately, the SCF and the HFCS only provide very lim-
ited information on this issue. For the SCF, oversampling is done using
seven strata based on a calculated wealth index derived from income tax
data. For the Spanish HFCS, eight strata are constructed using tax wealth
data. However, the oversampling rates are not made public. Both the SCF
and the Spanish HFCS report that oversampling is done at progressively
higher rates for higher strata. To approximate, in a simplified way, the SCF
and the Spanish HFCS, we use four strata. We assume that the tail popula-
tion is divided into four strata corresponding to the quartiles of the distri-
bution. We assume again a sample size of 750 households with an
increasing oversampling rate: out of the lowest stratum 75 households are
sampled, with 150 out of the second, 225 out of the third, and 300 out of
the last."?

Non-response correction of the weights for the no-oversampling case is only
based on aggregate non-response rates. Survey weights are constructed for the
responding households so that they sum up to 1 million. For instance, if all 750
households respond, the household weight for each individual would be equal to
10%/750. When fewer than 750 households respond, divide the 750 into non-
responding, N,,, and responding, N,, households. Then each responding house-
hold is given a weight of (10°/750) % (750/N,), so that household weights again
sum up to 1 million. For the oversampling case, the survey weight correction uses
the stratum non-response rate. For example, for the first stratum, divide the 75
households into non-responding, N}, and responding, N/, households. Then
each responding household is given a weight of (10°/(4 % 75)) * (75/N/'). This

">The aggregate expected non-response probability of this non-response mechanism can be found
by taking the expectation of 0.097167+0.036594 « In (Wealth) (where wealth has a Pareto distribu-
tion). This itself will depend on the threshold of 1 million and «. The formula for this expectation is
P(non-response)=0.097167+0.036594 * In (10°)+(0.036594 /). This gives an aggregate non-response
rate of between 62.1 percent (for o = 2) and 63.6 percent (for «=1.1) for this tail population. This num-
ber looks high but is actually quite reasonable. For instance, the aggregate non-response rate in the
German HFCS is 81.3 percent (HFCS, 2013) (this aggregate includes all households not just the tail),
even higher than assumed in the Monte Carlo.

3Note that oversampling with an identical total sample size of the no-oversampling case will lead
to a lower number of actual observations (as we sample more out of the higher non-response regions).
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TABLE 6

MONTE CARLO ESTIMATES OF THE PARETO TAIL INDEX USING DIFFERENT ESTIMATION METHODS
UNDER DIFFERENTIAL UNIT NON-RESPONSE

No Oversampling Oversampling of the Rich
o Ol Olreg Olregfor Obs Ol Otreg Otregfor Obs Rich List
(€] 2 3 “ (5 (6) (7 ®) © (10)
1.10 1.21 1.22 1.09 273 1.13 1.18 1.10 264 098
0.07 0.10 0.01 13 0.03 0.08 0.01 13 26
1.20 1.31 1.32 1.19 275 1.23 1.28 1.20 267 360
0.08 0.11 0.01 13 0.03 0.09 0.01 13 19
1.30 1.41 1.41 1.29 277 1.33 1.38 1.30 269 186
0.08 0.12 0.02 13 0.03 0.09 0.02 13 14
1.40 1.51 1.51 1.39 278 1.43 1.47 1.40 271 96
0.09 0.13 0.02 13 0.04 0.10 0.02 13 10
1.50 1.61 1.61 1.49 280 1.52 1.57 1.50 273 50
0.10 0.13 0.03 13 0.04 0.11 0.03 13 7
1.60 1.71 1.71 1.60 281 1.62 1.67 1.60 275 26
0.10 0.14 0.04 13 0.04 0.12 0.04 13 5
1.70 1.80 1.81 1.70 282 1.72 1.77 1.70 276 13
0.11 0.15 0.06 13 0.04 0.12 0.06 13 4
1.80 1.90 1.91 1.80 283 1.82 1.87 1.80 277 7
0.11 0.16 0.08 13 0.04 0.13 0.07 13 3
1.90 2.00 2.00 1.91 284 1.92 1.97 1.90 278 4
0.12 0.17 0.10 13 0.05 0.14 0.09 13 2
2.00 2.10 2.10 2.01 284 2.02 2.07 2.00 279 2
0.12 0.17 0.13 13 0.05 0.14 0.12 13 1

Notes: Reported are mean estimates of the Pareto tail index. Standard errors are reported in
the line below the mean. Means and standard errors are derived from 20,000 Monte Carlo itera-
tions. In each iteration 1 million households draw wealth from a Pareto distribution with true tail
index given in column (1). From each population, a survey sample of 750 households is drawn.
Each household drawn has a non-response probability equal to 0.097167+0.036594*log(wealth).
Estimates of tail index using maximum likelihood are in columns (2) and (6). Estimates using the
regression method excluding the rich list are in columns (3) and (7). Estimates using the regression
method including rich list are in columns (4) and (8). Columns (5) and (9) report the mean number
of respondent observations (and the standard error). Column (10) reports the mean number of
observations on the rich list (and the standard error).

stratum-specific non-response correction is the key to reducing the bias caused by
differential unit non-response.'*

Table 6 presents the results of the Monte Carlo experiments. Reported are
mean estimates and standard errors of the Pareto tail index under the two sam-
pling scenarios, using the different estimation methods. Column (1) shows the
true o, columns (2)~(5) show the results under the non-oversampling case, and col-
umns (6)~(9) show the results under the oversampling case. Column (10) shows

141 experimented with different degrees of oversampling, that is, keeping the sample size constant
but sampling progressively more out of the higher strata and less out of the lower strata. The results
are available in Part IV of the Appendix (in the Online Supporting Information). These experiments
show that the bias reduction from no oversampling to oversampling does not vary much across differ-
ent degrees of oversampling. This shows that the bias reduction is mainly due to the stratum-specific
non-response correction which oversampling makes possible, and not so much to the degree of over-
sampling itself.
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the number of households on the rich list, that is, the number of households with
wealth in excess of €740 million.

The (pseudo-)maximum likelihood estimates o,,, are in columns (2) and (6).
They are clearly different under the two sampling cases. As expected, under no
oversampling, the estimates of « are significantly upward biased, indicating an
estimated lower concentration of wealth in the tail than the true concentration.
The bias is around 0.11 for all o’s. The upward bias in the estimated o’s is much
reduced, to around 0.02 for the oversampling case (column (6)). Note that also
the standard error is more than cut in half, which is due to the efficiency gained
by stratified sampling.

The regression estimates, o, using only the survey data, are in columns (3)
and (7). For both the no-oversampling and oversampling cases, they show an
upward bias. In the no- oversampling case, the estimates are practically identical
to the (pseudo-)maximum likelihood estimates thereby showing the same upward
bias of around 0.11. In the oversampling case, they show a lower upward bias
than the no-oversampling case, but a higher upward bias than the (pseudo-)maxi-
mum likelihood estimates.

The regression estimates, Oregfor, derived from combining the survey data
with the observations on the rich list, are reported in columns (4) and (8). The
number of observations from the rich list are shown in column (10). Obviously,
the number decreases as true o increases. When o is equal to 1.5, there are on aver-
age 50 observations on the rich list (with a standard deviation of 7) (out of, we
recall, a population of 1 million: compare this with an actual number of 53 in the
German case). This drops to only two observations when o is equal to 2. The
improvement of the estimate of the tail index, in terms of a reduction in bias,
under no oversampling is dramatic. Essentially, when including the rich list with
the survey data in the regression method, the tail index is estimated with almost
no bias (a tiny upward or downward bias of 0.01 occurs). It is also important to
note that the reduction in the standard error is impressive. Again, as one should
expect, the reduction in the standard error is much larger when the tail index is
lower, that is, the number of observations on the rich list is higher. But strikingly,
even when the rich list contains very few individuals, both the bias in the estimate
of o almost disappears and the standard error is reduced. Similarly, combining
the survey data with the observations on the rich list also helps in the oversam-
pling case. The tail index becomes unbiased. So, importantly, the rich list is useful
for both the no-oversampling case and the oversampling case.

Figure 1 shows the intuition for the reduction in bias, and lower standard
error, when a rich list is added to the data. It shows the empirical CCDF of a
Monte Carlo sample and the rich list, together with the true power law from
which the Monte Carlo sample was drawn (for the no-oversampling case).'” It
also shows the power law implied by the three estimates of the tail index, the
pseudo-maximum likelihood, and the two estimates using the regression method.

The empirical CCDF is constructed as follows. The individuals on the rich list each have a
weight of one. The weights of the survey observations have a weight of (10°/750) « (750/N,). The
empirical CCDF, P(X > x), is then given by the sum of the weights of sample and rich list observa-
tions above wealth x, divided by 10°.
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Monte Carlo: Tail of the wealth distribution
10 T T

P(X>=
/

Empirical ccdf (Sample)

5 +  Empirical ccdf (Rich list)

Regression (SAmple)

— — — Regression (Sample and Rich list)
TRUE power law

107 . . .
10 10 10° 10° 10" 10°
Wealth (in million euro)

Figure 1. A Monte Carlo Example of the Tail of the Wealth Distribution [Color figure can be
viewed at wileyonlinelibrary.com]

Due to the non-response, the empirical CCDF from the sample observations of
wealthy households will be below the line implied by the true power law, that is, it
will provide an underestimate of the relative frequency of the households that are
richer. On the contrary, the households on the rich list will follow the true power
law.'® By adding the rich list to the survey sample, the regression line shifts to the
right. Intuitively, by adding the rich list in the presence of differential non-
response, the regression line gets “anchored.” This will be reflected in a lower
standard error of the slope of the regression line, and a lower (to almost no) bias.
The ultimate interest in the estimation of the power law is to provide an esti-
mate of total wealth in the tail. Total wealth can be directly calculated from the
estimated power law. Alternatively, total wealth in the tail can be calculated from
the survey directly as the weighted sum of wealth of the sample; we recall that sur-
vey weights sum up to population totals. To see how far off estimated wealth is
from the truth, Table 7 shows the total wealth in the population estimated from
the survey sample and from the estimated power laws, as a ratio to the true total
wealth in the population.!” A ratio of 1 signifies no bias in estimated wealth.
Under no oversampling, there is a downward bias in the estimated wealth
from the survey sample. The size of the bias depends very much on the level of
the tail index. The intuition is clear: with higher tail indexes, the bias gets smaller.
A higher tail index indicates a lower degree of wealth concentration at the top, so

!Note that even in a population of 1 million individuals drawn from a Pareto distribution there is
sampling variation, that is, the number of individuals on the rich list (and their wealth) will vary. So
although the extreme rich are drawn from the true Pareto distribution, they do not position themselves
exactly on the true CCDF. This can be seen in Figure 1, where the richest of the rich are below the true
Pareto CCDF.

The true total wealth in the population is simply the sum of the wealth of the 1 million
households.
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TABLE 7
MONTE CARLO ESTIMATES OF THE TAIL WEALTH AS A PROPORTION OF THE ACTUAL TAIL WEALTH

No Oversampling Oversampling of the Rich
o Survey Estimate Ol Olreg Otregfor Survey Estimate Ol Olreg Olregfor
()] (@) 3 “ (5) (6) (7 ®) ®
1.10 0.53 0.76 1.00 1.39 0.59 1.07 1.13 1.30
0.33 0.79 5.63 0.23 0.32 0.32 6.21 0.20
1.20 0.67 0.78 0.83 1.09 0.73 0.96 0.91 1.06
0.32 0.21 0.69 0.10 0.29 0.15 0.93 0.10
1.30 0.77 0.83 0.86 1.04 0.82 0.96 0.91 1.02
0.35 0.15 0.30 0.06 0.27 0.09 0.26 0.06
1.40 0.83 0.87 0.89 1.02 0.87 0.97 0.93 1.01
0.37 0.12 0.19 0.04 0.23 0.07 0.39 0.04
1.50 0.87 0.90 0.91 1.01 0.91 0.97 0.94 1.01
0.25 0.10 0.15 0.04 0.23 0.05 0.14 0.04
1.60 0.90 0.92 0.93 1.01 0.93 0.98 0.95 1.00
0.15 0.08 0.12 0.04 0.12 0.04 0.11 0.04
1.70 0.92 0.93 0.94 1.01 0.95 0.98 0.96 1.00
0.13 0.07 0.11 0.04 0.28 0.03 0.10 0.04
1.80 0.93 0.95 0.95 1.00 0.96 0.99 0.97 1.00
0.10 0.06 0.09 0.05 0.08 0.03 0.09 0.05
1.90 0.94 0.95 0.96 1.00 0.97 0.99 0.97 1.01
0.10 0.06 0.09 0.06 0.07 0.03 0.08 0.05
2.00 0.95 0.96 0.96 1.00 0.97 0.99 0.98 1.01
0.07 0.05 0.08 0.06 0.06 0.02 0.07 0.06

Notes: Reported are means of the ratio of the estimated tail wealth to the actual tail wealth.
Standard errors are reported in the line below. Means and standard errors are derived from 20,000
Monte Carlo iterations as described in the footnote to Table 6. The estimated tail wealth used to
construct the ratio in columns (2) and (6) is calculated from survey only. The estimated tail wealth
used to construct the ratio in columns (3)«(5) and (7)~9) is constructed using the estimated Pareto
tail index.

that differential non-response is less of a problem (with a higher tail index, the
very wealthy are much less numerous). The wealth estimate using the survey sam-
ple is expected to be 13 percent lower at a tail index level of 1.5 (the level men-
tioned by Gabaix, 2009) or even lower, in the case of power laws with low tail
indexes. However, the striking feature of the ratio of estimated wealth from the
survey to true wealth (column (2)) is not so much the bias, but its large standard
error. Estimating total tail wealth from the survey directly implies having a very
imprecise estimate! This obviously depends on sample size. Note, however, that
the Monte Carlo has around 280 observations of wealth above 1 million. This is a
larger number than the observations above 1 million for the HFCS surveys of
Germany (246), Belgium (207), Austria (113), Portugal (87), and the Netherlands
(32). So precision for some surveys in reality, compared to the Monte Carlo, is
likely even worse. Estimating a power law and then calculating the wealth using
the estimated law reduces the standard error enormously. The biggest reduction is
when using the regression method including the rich list. For example, the reduc-
tion in standard error is by a factor of 6 in the case of «=1.5. Although that leads
to a very small upward bias of wealth estimates, the reduction in variability of the
estimate is quite substantial.
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For the oversampling case, the biases are reduced but still notable. For exam-
ple, the wealth estimate using the survey sample is still expected to be 9 percent
too low at a tail index level of 1.5. It is again preferable to add a rich list. The bias
practically disappears and the standard error is reduced. An exception occurs
when o is small, around 1.2. Note that biases and standard errors are generally
large for such low o. This is not surprising as o approaches 1, the mean of the Par-
eto distribution approaches infinity. In any case, such low o are not commonly
found anyway.

Combining all these results, the Monte Carlo shows that differential unit
non-response clearly biases top tail wealth estimates downward. Under the
assumptions of the Monte Carlo, the bias could easily be more than 10 percent. It
also shows that when a rich list is available, adding it to the survey data and esti-
mating wealth through the estimated power law is a reasonable idea; it removes
the downward bias caused by differential unit non-response and reduces the var-
iance of the estimated wealth. When no rich list is available, the difference in
downward bias between the (pseudo-)maximum likelihood and regression
method are on average not that large, except that the (pseudo-)maximum likeli-
hood estimates show lower variance. These ideas are taken up in the next section,
where the results of power law estimation are shown.

4. ESTIMATION RESULTS

This section provides new estimates of the share of wealth held by the top 1
and 5 percent derived from the U.S. SCF, the U.K. WAS, and the HFCS.!® A
detailed set of estimation results is tabulated and available in Part I of the Appen-
dix (in the Online Supporting Information). Here, only key results are discussed.
The emphasis is on documenting the downward bias when estimates are based on
surveys only and its remedy, including extreme observations and estimating a Par-
eto tail using the regression method.

Percentage shares for the 1 and 5 percent richest households for various
countries can also be found elsewhere, although they are somewhat scattered in
the literature. Summaries can be found in Davies et al. (2010) and, more recently,
in Roine and Waldenstrom (2014). Using the SCF, Wolff (2006) provides histori-
cal U.S. series for the 1980s and 1990s, and Kennickell (2009b) calculates series
for the period 1989-2007. Saez and Zucman (2014) construct historical series for
the U.S. based on capitalized income tax data, and Kopczuk and Saez (2004) pro-
vide top wealth shares for the U.S. based on estate tax returns. Piketty (2014) dis-
cusses the evolution of top wealth shares going back as far as the eighteenth
century, using various data sources.

Estimates of top wealth shares are constructed either as direct estimates from
the surveys or by replacing the tail observations of the surveys with the estimated
Pareto distribution. The Pareto distribution is estimated either using the pseudo-
maximum likelihood method or the regression method. For this last method, esti-
mates using the survey only and using the survey combined with the Forbes

For the HFCS and SCF data, the estimates are based on all five implicates of the multiple
imputed datasets and standard errors are provided using the bootstrap weights.

© 2016 International Association for Research in Income and Wealth

378



Review of Income and Wealth, Series 64, Number 2, June 2018

World’s billionaire list are given. As it is unclear exactly where the tail starts, and
to investigate the variability of tail estimates depending on the level of wealth
where the tail starts, estimates are presented for up to six different threshold levels
(€10 million, €5 million, €3 million, €2 million, €1 million, and €500,000). Esti-
mates for all six thresholds are provided for the U.S., the U.K., France, and Spain.
For the other countries, due to too few survey observations at the top, estimates
are provided for the three lower thresholds (€2 million, €1 million, and €500,000).
Using lower thresholds increases the sample size over which the Pareto distribu-
tion is estimated. However, there is a tradeoff. On the one hand, the increased
sample size leads to more precise tail index estimates, but on the other it also
includes observations that potentially do not obey the Pareto tail behaviour. This
itself might lead to biased estimates. The use of a high level of the threshold leads
to fewer observations and hence more imprecise estimates, but is more likely to
restrict the estimation on a sample that truly follows Pareto tail behaviour.

Alternatively, a “best-fit” threshold can be found using a methodology devel-
oped in Clauset et al. (2009). First, the Pareto tail is estimated on different thresh-
old levels. Second, at each threshold level, the fit of the Pareto tail is tested using
a Kolmogorov-Smirnov test. The Kolmogorov-Smirnov test statistic measures
the maximum distance between the CDF of the data and the CDF of the esti-
mated Pareto distribution. The “best-fit” threshold is the one which leads to the
smallest maximum distance, therefore providing the threshold where the Pareto
tail has the best fit. Following this methodology, the Pareto tail was estimated on
a fine grid of thresholds between €100,000 and €10 million (varying the threshold
each time by by €25,000). Detailed results of the Pareto tail index and the “best-
fit” threshold are given in Part V of the Appendix (in the Online Supporting
Information). However, a word of caution is needed. The Clauset er al. (2009)
methodology was developed with simple random samples in mind and not for
complex survey data that have differential non-response problems. Therefore, just
like a Pareto tail index that might be biased using such data, a “best-fit” threshold
might not necessarily coincide with the “true” threshold. Notwithstanding this
caveat, the estimates of top wealth shares obtained using the Pareto tails at the
“best-fit” thresholds fall pretty much within the intervals provided by the six
threshold levels considered above. The discussion below considers the estimates
of the wider set of thresholds considered above.

The Monte Carlo results showed that in the presence of differential unit non-
response, Pareto tail index estimates from the survey data only are biased upward.
Including extreme observations, the tail index estimates should drop and become
unbiased. The drop should be highest when there is no oversampling. Table 8
shows the average'® Pareto tail index estimates for the regression method both
when excluding or including the Forbes billionaires. For all countries, except Por-
tugal, the Pareto tail index drops when adding the Forbes billionaires. The drop is
the largest for the Italian and Dutch surveys, the two surveys that do not over-
sample the rich. The lowest drop is observed for the U.S. SCF and the Spanish
survey, both of which use heavy oversampling.

YThe average is taken over the three estimates corresponding to the €2 million, €1 million, and
€500,000 thresholds, as these are available for all countries.
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TABLE 8
THE AVERAGE PARETO TAIL INDEX

Regression Regression

Excluding Forbes Including Forbes A
M 2 B)=(1)-(2)

Countries using individual information to oversample

U.sS. 1.59 1.52 0.07
UK. 2.05 1.74 0.31
France 1.76 1.62 0.14
Spain 1.77 1.69 0.07
Finland 2.11 1.88 0.23
Countries using geographic income to oversample

Germany 1.68 1.39 0.29
Belgium 2.18 1.87 0.31
Countries using geographic information to oversample

Austria 1.65 1.46 0.20
Portugal 1.45 1.47 -0.02
Countries using no oversampling

Italy 2.02 1.58 0.44
Netherlands 5.09 1.48 3.6l

Source: Author’s calculations based on the SCF, the HFCN, the WAS, and Forbes World’s
Billionaires.

Notes: Column (1) provides average of estimated Pareto tail indexes using the regression
method on the survey data at three thresholds: €500,000, €1 million, and €2 million. Column (2)
provides the same as column (1) when adding Forbes billionaires to the survey sample. Column (3)
shows the average reduction in the Pareto tail index when Forbes billionaires are added.

Table 9 shows a summary of the estimates for the top 1 percent shares. The
first column shows the estimates directly calculated from the surveys. In the pres-
ence of differential non-response, these should be biased downward. Again, for
surveys using oversampling of the wealthy, the bias should be smaller. The second
column shows the range of estimates when the tail observations are replaced by
an estimated Pareto distribution using the regression method applied on the tail
survey observations including the Forbes data.”® As expected, estimates of the
percentage wealth share of the top 1 percent of households are affected the most
for countries with no or low oversampling, the Netherlands and Italy. Indeed, a
direct sample calculation for the Netherlands results in an estimate of a percent-
age wealth share of 9 percent, the lowest across all countries. Including the three
Forbes observations in the regression method, the wealth share of the top 1 per-
cent is estimated between 10 and 19 percent. Such an increase in the estimated
percentage suggests that 9 percent is a severely downward-biased estimate of
wealth at the tail in the Netherlands. Likewise for Italy, the top 1 percent share
calculated directly from the survey is 14 percent. Including the Forbes data and

20Note that in this case, total wealth is estimated using the estimated Pareto tail, that is, using the
survey to calculate the sum of wealth below the Pareto threshold and adding to this the wealth in the
estimated Pareto tail.
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TABLE 9
THE PERCENTAGE WEALTH SHARE OF THE ToP 1 PERCENT OF HOUSEHOLDS

Regression
Survey Including Forbes A
M (@) (3)=2)-1)
Countries using individual information to oversample
U.S. 34 3137 —3to +3
UK. 13 14-18 +1to +5
France 18 19-21 +1to +3
Spain 15 15-17 +0 to +2
Finland 12 13-15 +1to +3
Countries using geographic income to oversample
Germany 24 32-34 +8 to +10
Belgium 12 15-16 +3to +4
Countries using geographic information to oversample
Austria 23 31-32 +8 to +9
Portugal 21 23-27 +2to +6
Countries using no oversampling
Italy 14 20-21 +6 to +7
Netherlands 9 10-19 +1 to +10

Source: Author’s calculations based on the SCF, the HFCN, the WAS, and Forbes World’s
Billionaires.

Notes: Column (1) provides the top 1 percent share of wealth directly derived from the surveys.
Column (2) provides the range of estimates when the tail is replaced by the estimated Pareto distri-
bution using the sample and Forbes data. The Pareto distribution is estimated at thresholds of
€500,000, €1 million, €2 million, €3 million, €5 million, and €10 million for the U.S., the UK.,
France, and Spain, and at thresholds of €500,000, €1 million, and €2 million for other countries.

estimating a power law, the share rises to a range between 20 and 21 percent. The
top I percent share in Italy is therefore relatively insensitive to the threshold.
From the SCF, the wealth share in the U.S. calculated from the survey is 34
percent, while it is estimated to be between 31 and 37 percent when including the
Forbes data and estimating a power law. It is interesting to note that the low esti-
mate of 31 percent only occurs if the tail is estimated with a threshold of
€500,000. Likely, this threshold is too low.?! Replacing SCF observations with a
Pareto tail from €10 million onwards leads to the higher estimate of 37 percent,
three percentage points higher than the SCF. Note that the SCF explicitly
excludes the Forbes 400, which have an estimated wealth of 2.3 percent of total
household wealth. The discrepancy between the SCF survey estimate, 34 percent,
and the estimate of 37 percent can therefore largely be explained by the addition
of the Forbes billionaires. Saez and Zucman (2014) obtain an estimate of 39.5 per-
cent.”> This number is hard to compare, however, as they are using a completely

2IThe “best-fit” threshold for the SCF is €3.1 million. Using the Pareto tail at this threshold, the
top 1 Eercent wealth share is 37 percent.

Z2This figure is for the year 2010. See Table BI in the Appendix to Saez and Zucman (2014), avail-
able at http://eml.berkeley.edu/saez/.
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TABLE 10
THE PERCENTAGE WEALTH SHARE OF THE TOP § PERCENT OF HOUSEHOLDS

Regression
Survey Including Forbes A
()] (@) (3)=@2)—-(1)
Countries using individual information to oversample
U.S. 61 53-63 —8to +2
UK. 30 31-35 +1to +5
France 37 38-39 +1to +2
Spain 31 31-33 +0 to +2
Finland 31 32-33 +1to +2
Countries using geographic income to oversample
Germany 46 51-54 +5to +8
Belgium 31 33-34 +2to +3
Countries using geographic information to oversample
Austria 48 52-54 +4 to +6
Portugal 41 42-45 +1 to +4
Countries using no oversampling
Italy 32 37-38 +5to +6
Netherlands 26 27-36 +1 to +10

Source: Author’s calculations based on the SCF, the HFCN, the WAS, and Forbes World’s
Billionaires.

Notes: Column (1) provides the top 5 percent share of wealth directly derived from the surveys.
Column (2) provides the range of estimates when the tail is replaced by the estimated Pareto distri-
bution the using sample and Forbes data. The Pareto distribution is estimated at thresholds of
€500,000, €1 million, €2 million, €3 million, €5 million, and €10 million for the U.S., the UK.,
France, and Spain, and at thresholds of €500,000, €1 million, and €2 million for other countries.

different methodology and dataset, that is, the capitalization of capital income
tax data. A further major difference is that the SCF uses households, whereas
Saez and Zucman (2014) use tax units.

Note that relative to the direct survey estimate, also in France and Spain,
with heavy oversampling, the estimate using the Forbes data is not that different,
adding only one to three percentage points. Obviously, such increases in the esti-
mates are still non-negligible, but much smaller than the adjustments for the other
countries. For the other countries without strong oversampling, Germany, Bel-
gium, Austria, and Portugal, the survey estimate is also well below the regression
estimate using the Forbes data, indicating the downward bias caused by differen-
tial unit non-response. Note that adjustments can be quite large but simultane-
ously not very sensitive to the chosen threshold of where the Pareto tail starts.
For instance, for Germany, the top 1 percent of households hold 24 percent
according to the direct estimate from the survey sample, but hold between 32 and
34 percent when replacing the survey sample tail observations by the estimated
Pareto tail. According to this top tail measure, such a large adjustment indicates
that German wealth is as unequally distributed as in the U.S., something which
might have escaped attention if only the survey estimates of the German HFCS
and SCF were compared. Indeed, a key lesson is that a comparison across
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countries of wealth inequality based on top wealth figures derived from surveys is
a treacherous exercise. The data user might not be aware that a technical decision
in the background, such as which oversampling method was used, has such large
effects.

Table 10 shows the percentage wealth share of the top 5 percent of house-
holds.?® Similarly here, the direct survey estimates are biased downward. For
most surveys, including the Forbes data and replacing the survey sample tail by
the estimated Pareto tail increases the percentage wealth share by multiple per-
centage points. Also here, the number calculated directly from the SCF, 61 per-
cent, is within the bounds of the estimation with the Forbes data, 53-63 percent,
when taking into account estimates at all thresholds. However, taking only
account of the highest thresholds from €3 million onwards, the estimates range
from 62 to 63 percent, a small 1-2 percent higher than the SCF survey estimate.
Again, the adjustments are largest for countries that either do not oversample or
that only use geographic income or geographic information to oversample the
wealthy.

When interpreting the results, it has to be kept in mind that they are obtained
under the implicit assumption that the survey responses and Forbes data are rea-
sonably accurate. Forbes does not provide enough information to validate the
data. However, the consensus seems to be that the numbers are reasonably accu-
rate. A more serious concern is that respondents in surveys might underreport
holdings and values of assets and liabilities. Underreporting in wealth surveys
could lead to a different set of biases, as discussed above. For instance, if wealth
in surveys is underreported, combining it with Forbes data might lead to overesti-
mation of the degree of inequality in the tail.

The existence of underreporting problems in wealth surveys is demonstrated
by comparisons of the aggregate wealth estimates obtained by household surveys
with the wealth figures from the national Household Balance Sheet (HBS) (which
is part of the system of national accounts). Those comparisons suggest that
underreporting problems are unfortunately quite common. HFCS (2013) dis-
cusses in some detail a comparison of aggregate wealth estimates using the HFCS
survey versus HBS estimates. The ratio of aggregate survey wealth on aggregate
national wealth based on HBS ranges from 0.53 in the Netherlands to 0.94 in
Belgium. Henriques and Hsu (2014) discuss a similar SCF-HBS comparison.
They estimate that the aggregate wealth estimate of the 2010 SCF is actually 21
percent larger than the national wealth estimate based on the HBS. This would
suggest an over-reporting problem in the SCF instead of the underreporting prob-
lem in the HFCS.

Both HFCS (2013) and Henriques and Hsu (2014) argue convincingly that a
comparison of wealth survey data with national accounts HBS data is far from
straightforward. There are serious comparability issues when comparing national
accounts data and survey data. One important issue is that the target population
of the surveys (households) is not identical to what is reported in the national

2Note that the top 1 and 5 percent wealth shares calculated using the Pareto tail at the “best-fit”
threshold, available in Part V of the Appendix (in the Online Supporting Information), are almost
always within the ranges given in Tables 9 and 10.
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accounts. Namely, in national accounts, households are, in many countries,
reported upon jointly with non-profit institutions serving households (also known
as NPISHs, such as churches, labor unions, and so on). National accounts often
do not provide a separate estimate of the wealth held by these non-profit institu-
tions. This is, however, needed if one would want to compare the HBS with sur-
veys: optimally, one would want to exclude the wealth of NPISHs from the HBS.
Also, the definition, valuation, and recording dates of different items in national
accounts and surveys are generally not identical. Correcting for these differences
when comparing HBS and surveys is not trivial. Notwithstanding comparability
issues, a comparison of carefully adjusted HBS aggregate numbers with aggregate
wealth estimates of household surveys seems to be a fruitful avenue to investigate
potential problems with the micro-data. Note that this takes the view that
national account numbers are closer to the “truth” than survey numbers, which
seems to be a most reasonable assumption.

Davies et al. (2014) describe a simple strategy to deal with the underreporting
problem in household surveys, which they then use when estimating the global
distribution of wealth (see Davies et al., 2014, subsections 1.7 and 3.2). Before
grafting a Pareto tail onto survey data, the survey numbers are scaled up or down
to ensure that the newly estimated aggregate wealth estimate (that is, survey plus
Pareto tail) matches the HBS aggregate. Such a strategy seems reasonable; how-
ever, as indicated above, comparing household survey data with HBS data is far
from trivial, so that it is unclear what scaling factor one should use. In other
words, it is unclear if and by how much HBS data should be adjusted before one
can construct such a scaling factor. Such a strategy also imposes the implicit
assumption that underreporting is a uniform percentage for each household.
There is certainly no guarantee that this is the case. Rather, if underreporting is
more likely in financial assets such as stocks and bonds, this would imply that
underreporting is more severe for the wealthy. If richer households underreport
more percentage-wise, survey observations of these households should probably
be scaled up more than the observations of poor households. Unfortunately, not
much is known about the degree to which households differ in underreporting. A
further analysis of the degree and distribution of underreporting among house-
holds remains an important avenue for further research.

5. CONCLUSION

The wealth distribution is an important variable for researchers, policy-makers,
and society at large. Many analyses of redistribution or tax policy in general will be
sensitive to the concentration of wealth at the top. Yet, our knowledge of the wealth
distribution is less than perfect. This paper has investigated how differential unit
non-response in household wealth surveys affects tail wealth estimates. The results
are striking. Survey wealth estimates are very likely to underestimate wealth at the
top, and this often by multiple percentage points. Countries that seem to have a
more equal wealth distribution might not be so upon closer scrutiny.

This paper has investigated underestimation of wealth at the top in house-
hold surveys caused by differential unit non-response that is not remedied by
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appropriate reweighting of sample observations, because by its very nature the
wealth of the non-respondents is unobserved. A first lesson learned is that survey
estimates of top wealth are best seen as lower bounds. A second lesson is that the
truncation at the top caused by differential unit non-response cannot be remedied
by a simple interpolation of the survey by estimating a power law using survey
data only. The presence of differential unit non-response leads to upward-biased
tail index estimates and therefore too low total tail wealth estimates. Rather, a
main result of this paper is that under the assumption of a true Pareto distribu-
tion for tail wealth, the Monte Carlo evidence shows that even very few extreme
observations of wealth are sufficient to largely eliminate the serious downward
bias in the Pareto tail index caused by differential unit non-response in wealth
surveys, while substantially reducing the variance of the wealth estimates.

Therefore, rich lists such as the Forbes World’s billionaires can help in dra-
matically improving top wealth estimates. This is not so much because of the
wealth numbers of these billionaires themselves; rather, the combination of survey
data and rich list leads to unbiased estimates of the Pareto tail index. Obviously,
this is all true under the assumption that the extreme tail follows the same distri-
bution as the wealthy just below. This need not be true. However, the fact that tail
wealth estimates of surveys that do oversample the wealthy (such as the U.S.,
France, and Spain) all change relatively little when the surveys are combined with
the Forbes data suggest that this assumption is a reasonable starting point.

Of course, as the evidence related to the SCF, and the French and Spanish
HFCS, shows, improvement in terms of oversampling, combined with appropriate
reweighting of the wealthy, will yield major benefits in terms of estimation of the
tail of wealth. Ideally, wealth surveys should therefore follow this practice in
identifying the wealthy a priori, thereafter heavily oversampling them and there-
after adjusting the weights for differential unit non-response. In that case, rich lists
such as the Forbes World’s billionaires would add little to the estimation of tail
wealth.

In the meantime, however, researchers should be warned of top wealth esti-
mates based on surveys alone, or on simple interpolations of the survey data, if
there is evidence that differential unit non-response problems are serious and
have not been completely addressed by readjustment of the survey weights and
oversampling of the wealthy is limited. In those cases, combining survey data with
data from rich lists could, at the minimum, provide a check of the robustness of
the tail wealth estimates.
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