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The Theil indices (Theil, 1967) are widely used measures for studying the degree of concentration and
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1. Introduction
The study of economic inequality has received a huge amount of attention in
the literature and is still a field of intense ongoing research. The debate about the
uneven distributional effects of globalization or the consequences of the current
financial crisis on income disparities have reinforced the interest in this topic.
Several inequality measures have been proposed in the literature. Among
them, the most commonly used is the Gini index, the interpretation of which is
very intuitive in terms of the area between the egalitarian line and the Lorenz
curve. Notwithstanding its popularity, this indicator presents some rigidities with
respect to other inequality measures. In particular, it does not allow us to vary the
sensitivity of the index to redistributional movements at specific income ranges,
which can point out different evolutions of disparities when no Lorenz dominance
can be found. A generalization of this index was proposed by Yitzhaki (1983),
which includes a parameter to allow for different degrees of “aversion to inequality”. In this line, the generalized entropy (GE) inequality measures also include a
sensitivity parameter which, in this case, varies the importance given to the differences at the upper tail. This index becomes more sensitive to changes at the top of
the distribution as the parameter increases. The two limiting cases of this family
of inequality measures are obtained when the parameter is set to 1 and 0 (hereinafter T1 and T0), corresponding to the Theil entropy index and the mean log deviation (MLD), respectively. These two measures have been widely used to
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investigate the evolution of income inequality (see, e.g., Bourguignon and Morrisson, 2002; Chotikapanich et al., 2007; Jorda et al., 2014; Warner et al., 2014). The
Theil entropy index treats equally differences in all parts of the distribution, while
the MLD is more sensitive to changes at the bottom tail. An appealing feature of
the GE measures is the property of additive decomposability, which makes these
indices especially useful for measuring socioeconomic inequalities.
Closed expressions of the GE measures can be obtained straightforwardly
using the theoretical moments of the parametric distributions, but the formulas
for the Theil indices are not so simple. In this paper, we present a convenient
expression for the Theil indices (Theil, 1967) which allows us to obtain these
inequality measures for the most relevant parametric families of income distributions and to derive closed expressions for multivariate versions of these indices.
We review these formulas for the most common income distributions and obtain
some expressions that were not available in the existing literature. In particular,
we have obtained these measures for the Champernowne (1952) distribution, the
generalized gamma distribution and the generalized beta distributions of the first
and second kind (McDonald, 1984), the j-generalized income distribution (Clementi et al., 2007), and several Pareto and gamma-type distributions. The moments
of these families are also included to facilitate the computation of the GE
measures.
The contents of this paper are the following. In Section 2, we present general expressions for the Theil entropy index and the MLD, which are especially
convenient to obtain these indicators in a closed form for a battery of parametric distributions. Section 3 presents the Theil indices for many classical distributions, including the Champernowne distribution and the three especial cases of
the generalized beta family. The Pareto hierarchy is also studied and recently
developed functional forms, such as the j-generalized distribution, are also
included. Section 4 describes the decomposition of the GE measures. Extensions
to higher dimensions are presented in Section 5. Finally, Section 6 concludes the
paper.
2. Computation of the Theil Indices
Let X be an absolutely continuous non-negative random variable with probability density function (pdf) f(x) and support (l, u), where 0  l < u < 1. Assume
that the mathematical expectation of X is finite and is given by EðX Þ5l.
The class of GE measures is given by
(1)

"  
#
1
X h
E
21 ;
GEðhÞ5
hðh21Þ
l

h 6¼ 0; 1;

with EðX h Þ < 1. The limiting cases of the GE measures for h 5 0 and h 5 1 can
be obtained as special cases of the integral
ðu
(2)

xr ðlog xÞm f ðxÞdx5E ½X r ðlog X Þm ;

l
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with r 5 0, m 5 1, and r5m51 respectively. In order to compute the previous integral (2), we have the following simple lemma.
Lemma 1. Let X be an absolutely continuous random variable such that
EðX r Þ < 1, for some positive integer r 2 f1; 2; . . . ; 1g. If,
gðrÞ5E ðX r Þ;
we have
dm
gðrÞ5E ½X r ðlog X Þm ; m51; 2; . . .
drm
Proof. The proof is direct and will be omitted.
If we define

䊏

uðr; mÞ5E ½X r ðlog X Þm ;
we have
uð0; 1Þ5E ðlog X Þ
and
uð1; 1Þ5E ðX log X Þ:
Now, the relation of the previous quantities with the Theil indices is direct. If we
consider the two Theil indices


X
T0 ðX Þ52E log
l
and



X
X
log
;
T1 ðX Þ5E
l
l
we have
(3)

T0 ðX Þ52uð0; 1Þ1log l;

(4)

1
T1 ðX Þ5 uð1; 1Þ2log l:
l

These expressions for the Theil indices are especially convenient to obtain these
measures in a closed form for different parametric distributions. Equation (2) entails
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as particular cases the formulas used by Jenkins (2009) to obtain the two limiting
GE measures: GE(0) for r 5 0 and m 5 1 and GE(1) for r 5 1, m 5 1. Lemma 1 not
only applies to the unidimensional case, but also to derive higher-order moments,
which are used to obtain the multivariate versions of these indices in Section 5.
3. Parametric Income Models
In this section, we report the Theil indices of the main parametric income
distributions.
Table 2 includes the Theil indices for a number of classical income distributions, which are defined in terms of their pdf or the cumulative distribution function (cdf) as presented in Table 1, where the moments are also included.
The T1 index of the classical Pareto distribution can be found in Kleiber and
Kotz (2003). Next, we include the Pareto hierarchy of distributions introduced by
Arnold (2015). These indices have been obtained from Table 1 and equations (3
and 4). For the lognormal distribution, both coefficients coincide (Kleiber and
Kotz, 2003). For the Champernowne distribution (Champernowne, 1953), the formulas for these coefficients are new. Finally, we have included the Theil indices
for the three McDonald (1984) income distributions: the generalized gamma
(GG) distribution and the generalized beta distributions of the first and second
kind (GB1 and GB2). The Theil indices for the GB2 distribution were obtained
by Jenkins (2009). For the GG distribution, the T1 index was obtained by
McDonald and Ransom (2008) for a 5 1 (the classical gamma distribution).
These results were also reported by Salem and Mount (1974) and McDonald
(1984). To our knowledge, the formulas for the GB1 distribution are new. For the
case of the classical beta distribution (a 5 1), the formula for T1 was considered
by (McDonald, 1981) and Pham-Gia and Turkkan (1992).
Table 4 reports the Theil indices for other income distributions. The corresponding pdfs or cdfs and moments are given in Table 3.
First, we include the indices for the Pareto-lognormal (Colombi, 1990) and
for the double Pareto-lognormal distribution, developed by Reed (2003) and studied further by Reed and Jorgensen (2004). These indices were obtained by
Hajargasht and Griffiths (2013). The single and double Pareto distributions are
emerging distributions for income that are derived from a flexibilization of the
assumptions of the economic model that yields the lognormal distribution. This
family has good theoretical properties and some evidence has been found in favor
of its performance to fit income data (see Hajargasht and Griffiths, 2013).
The Stoppa (1990) distribution is an extension of the classical Pareto distribution, which is obtained as a power transformation of the cumulative distribution function of the Pareto distribution. The log-gamma distribution was
proposed by Taguchi et al. (1993) and is also considered as a generalized Pareto
distribution, since the classical Pareto distribution corresponds to the choice
p 5 1. The inverse gamma distribution is used in Bayesian analysis as a prior distribution in several problems. Note that equation (5.69) in Kleiber and Kotz
(2003) related to the moments of the inverse gamma distribution is not correct,
and hence we report the right expression in Table 3. If p 5 1/2, we obtain the Levy
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F ðxÞ512
F ðxÞ512

Pareto III

Pareto IV
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a
1

br Cðp1 ar Þ
CðpÞ

CðxÞCðyÞ
is the usual beta function.
Cðx1yÞ

br Cðp1r=aÞCðq2r=aÞ
; 2ap < r < aq
CðpÞCðqÞ

axap21
; x0
bap Bðp; qÞ½11ðx=bÞa p1q

f ðx; a; b; p; qÞ5

GB2

Notes: CðzÞ is the usual gamma function and Bðx; yÞ5

br Cðp1r=aÞCðp1qÞ
:
Cðp1q1r=aÞCðpÞ

axap21 ½12ðx=bÞa q21
; 0xb
bap Bðp; qÞ

f ðx; a; b; p; qÞ5

GB1

a

axap21 e2ðx=bÞ
; x0
bap CðpÞ

f ðx; a; b; pÞ5

GG

p sin ðrh=aÞ
; 2a < r < a
h sin ðrp=aÞ
xr0

f ðx; a; h; x0 Þ5

Champernowne

br Cðp1rÞ
; p1r > 0
CðpÞ

rr Cða2raÞCð11raÞ
; 21=a < r < a=a
CðaÞ


1
exp lr1 r2 r2
2

rr Cð12raÞCð11raÞ; 21=a < r < 1=a

rr Cða2rÞCðr11Þ
; a>r
CðaÞ

arr
;a>r
a2r

rth Moment EðX r Þ

asin ðhÞ
;x0
2hxfcosh ½alog ðx=x0 Þ1cos ðhÞg

f ðx; b; pÞ5

xp21 e2x=b
; x0
bp CðpÞ


 )
1
1 log x2l 2
;x0
f ðx; l; rÞ5 pﬃﬃﬃﬃﬃﬃ exp 2
2
r
rx 2p

;x0


(

1=a a

½11ðx=rÞ

1

; x0

;x0

rð11x=rÞa11

Gamma

Lognormal

f ðx; a; rÞ5

Pareto II

ara
;xr>0
xa11

Pdf f(x) or Cdf F(x)

½11ðx=rÞ1=a 

f ðx; a; rÞ5

Classical Pareto

Distribution

The Probability Density Function (pdf) or Cumulative Distribution Function (cdf) and Moments of Some Classical Income Distributions.
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2

GB1

GB2

wðp1 1aÞ2wðp1q1 1aÞ
Cðp1qÞCðp1 1aÞ
2log
a
CðpÞCðp1q1 1aÞ
wðp1 1aÞ2wðq2 1aÞ
Cðp1 1aÞCðq2 1aÞ
2log
; q > 1=a
a
CðpÞCðqÞ

Cðp1qÞCðp1 1aÞ
wðpÞ2wðp1qÞ
1log
a
CðpÞCðp1q1 1aÞ
Cðp1 1aÞCðq2 1aÞ
wðpÞ2wðqÞ
1log
CðpÞCðqÞ
a
dlog CðzÞ C0 ðzÞ
5
is the digamma function.
dz
CðzÞ

wðp1 1aÞ
Cðp1 1aÞ
2log
a
CðpÞ

See the Appendix

wðp11Þ2log p

r2
2



Cð11aÞCða2aÞ
; a>a
CðaÞ

Cðp1 1aÞ
wðpÞ
1log
CðpÞ
a



p sin ðh=aÞ
h sin ðp=aÞ

Notes: c50:5772156649 is Eulers constant; wðzÞ5

2

GG

log

2wðpÞ1log p

Gamma

Champernowne

r2
2

Lognormal

a½wð11aÞ2wða2aÞ2log

a½wð11aÞ2wð12aÞ2log ½Cð12aÞCð11aÞ; a < 1

log ½Cð12aÞCð11aÞ; a < 1

Pareto III

Pareto IV

12c2wða21Þ1log ða21Þ; a > 1

c1wðaÞ2log ða21Þ; a > 1

Pareto II



Cð11aÞCða2aÞ
a½c1wðaÞ1log
; a>a
CðaÞ

1
a
2log
; a>1
a21
a21

T1 ðX Þ

1
a
; a>1
2 1log
a
a21

T0 ðX Þ

Classical Pareto

Distribution

TABLE 2
The Theil Indices of Some Classical Income Distributions.
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a x a21 exp j ½2ðx=bÞa 
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b b
11j2 ðx=bÞ2a

Cðp2rÞ
; p>r
CðpÞ

r=a

ð2jÞ

br

1
2 2ar Þ
Cð11 ar Þ Cð2j
; 2a=j < r < a=j
r
1
11 a j Cð2j 1 2ar Þ


r
br C 12 ; r < a
a

kr

Notes: /ðzÞ is the pdf of the standard normal distribution;
RðzÞ5½12UðzÞ=/ðzÞ is the Mills ratio, where UðzÞ is the cdf of the standard normal distribution;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1 5ar2ðlog x2lÞ=r; x2 5br2ðlog x2lÞ=r; and exp j ðxÞ5ð 11j2 x2 1jxÞ1=j is the deformed exponential function.

f ðx; a; b; jÞ5

F ðx; a; bÞ5exp f2ðx=bÞ2a g; x  0

Log-Gompertz

j distribution

f ðxÞ5

kp 2p21 2k=x
x
e
;x0
CðpÞ

bp x2ðb11Þ flog ðxÞgp21
;x1
CðpÞ


r 
rr hB 12 ; h ; r < a
a

p
b
;b>r
b2r

h x2a ih
F ðxÞ5 12
;xr>0
r
f ðx; b; pÞ5

rth Moment EðX r Þ


a
r2 r2
;a>r
exp rl1
a2r
2


ab
r2 r2
exp rl1
;a>r
ða2rÞðb1rÞ
2

Pdf f(x) or Cdf F(x)


log x2l
Rðx1 Þ; x  0
f ðxÞ5 xa /
r


ab
log x2l
f ðxÞ5
/
fRðx1 Þ1Rðx2 Þg; x  0
ða1bÞx
r

Inverse gamma

Log-gamma

Stoppa

Double Pareto-lognormal

Pareto-lognormal

Distribution

The Probability Density Function (pdf) or Cumulative Distribution Function (cdf) and Moments for Other Parametric Income Distributions.
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See the Appendix



c
1
2 1log C 12 ; a > 1
a
a



wð12 1aÞ
1
2log C 12 ; a > 1
a
a
See the Appendix

2

wðp21Þ1log ðp21Þ; p > 1

wðpÞ2log ðp21Þ; p > 1

Inverse gamma

Log-Gompertz

p
b
2plog
;b>1
b21
b21

p
b
;b>1
2 1plog
b
b21

Log-gamma



wð12 1a 1hÞ2wð12 1aÞ
1
2log hB 12 ; h ;
a
a

See the Appendix

T1 ðX Þ


1
r2
a21
1 1log
;a>1
a21 2
a

2



c1wð11hÞ
1
1log hB 12 ; h ; a > 1
a
a

See the Appendix



Stoppa

Double Pareto-lognormal

Pareto-lognormal

Distribution

TABLE 4
Theil Indices in Other Parametric Income Distributions
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distribution, which is a special case of the stable distributions and it arises as the
first-passage ties in Brownian motion. Formulas for the log-Gompertz distribution are also included.
Finally, we present the Theil indices for the j-generalized income distribution
(see Clementi et al., 2007, 2008, 2012). This distribution has been proposed as a
descriptive model for the distribution and dispersion of income within a population based on the deformed exponential and logarithmic functions recently introduced by Kaniadakis (2001). In a reasonably large number of cases, the statistical
performance of this model is not considered inferior to those of the Singh–
Maddala, the Dagum, and the GB2 distributions, whereas its ability to match the
entropy of the data dominates these families. These formulas appear in Clementi
et al. (2010).

4. Decomposition of the Generalized Entropy Measures
In this section, we review the decomposition properties of the Theil index.
We consider two kinds of decompositions: by factors and by population
subgroups.
We begin with the decomposition by factors. Let X1 ; X2 ; . . . ; Xm be independent and positive random variables with finite expectations and consider the new
Q
random variable X 5 m
i51 Xi. Then, it is direct to show that
(5)

Tk ðX Þ5

m
X

Tk ðXi Þ; k50; 1:

i51

Example 1. Let X be a Pareto-lognormal distribution with pdf given in the first
row of Table 3. By construction, X 5X1  X2 , where X1 is a classical Pareto distribution with parameters a and r, and X2 a classical lognormal distribution
with parameters l and r2 , both of which are independent. Then, using (5) for
T0 ðX Þ, we have
1
a
r2
1 ;
T0 ðX Þ5T0 ðX1 Þ1T0 ðX2 Þ52 1log
a
a21 2
which is the formula for the Pareto-lognormal in Table 4. A similar reasoning
holds for the computation of T1 ðX Þ using (5).
Example 2. Let X be a GB2 distribution with shape parameters (a, p, q) and
1
unit scale. It is well known that X can be written as X 5 X
X2, where X1 and X2
are independent generalized gamma distributions, with unit scale parameters and
shape parameters (a, p) and (a, q) respectively (see Kleiber and Kotz, 2003,
ch. 6). The random variable X221 is distributed as a inverted generalized gamma
Cðq21=aÞ
distribution with Theil parameter T0 ðX221 Þ5 wðqÞ
a 2log
CðqÞ , if q > 1=a. Then,
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T0 ðX Þ5T0 ðX1 Þ1T0 ðX221 Þ52

wðpÞ
Cðp11=aÞ wðqÞ
Cðq21=aÞ
1log
1
2log
;
a
CðpÞ
a
CðqÞ

and we obtain the formula in Table 2. In a similar way, we obtain the T1 ðX Þ
index for the GB2 distribution.
Empirical analyses of income distributions frequently require the decomposition of inequality by population subgroups, to account for different income patterns by sex, region, or social status, for instance. The generalized entropy
measures are of especial interest, being the sole indices of relative inequality which
are additively decomposable into a weighted sum of inequality within each group
and another component that captures differences in mean income across groups
(between-group inequality) (Shorrocks, 1980).
If we divide the population of a country into K mutually exclusive groups,
the income distribution can be defined as a mixture of the distributions of those
groups weighted by their population shares:
f ðxÞ5

K
X

kk fk ðx; HÞ;

k51

where kk stands for the population weights of the groups. The global cdf would be
the integral of the pdf given by the previous equation:
F ðxÞ5

K
X

kk Fk ðx; HÞ:

k51

The mean of this distribution is a weighted sum of the mean income of each
group, given by
l5

K
X

kk lk ;

k51

where lk is the first moment of the income distribution, which can be obtained
from Tables 1 and 3.
Overall GE measures can be expressed in terms of the analytical expression
of the decomposition, given by
(6)

GEðhÞ5

K
X

kk12h shk GEðhÞk 1

k51

 h !
K
X
1
l
kk k 21 ;
l
hðh21Þ k51

where kk and GEðhÞk are the population share and the GE measure of the group
k. sk stands for the proportion of mean income of the group k in the national
mean: sk 5 kkllk 5 PKkk lk .
k51

kk lk
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The first component in equation (6) measures the within-group inequality,
given by the weighted sum of disparities in each group. The weights xk 5kk12h shk
depend on the proportion of the population in each group and the share of their
per capita income in the overall mean. Interestingly, these weights add up to one
only for the two limit cases corresponding to the Theil indices, which can be
expressed as
 
K
K
X
X
l
sk T1k 1
sk log k ;
T1 5
l
k51
k51
T0 5

K
X

kk T0k 1

k51

K
X
k51

kk log

 
l
;
lk

where T1 and T0 are, respectively, the Theil and the MDL indices of group k,
which can be taken from Tables 2 and 4.
Interestingly, only the Theil entropy measure is consistent with the concept
“income weighted decomposability,” which defines the decomposition coefficients in terms of the income shares (Bourguignon, 1979). Alternative candidates for the weights would be population shares, thus resulting in the socalled “population weighted decomposability” which is only satisfied by the
MDL. It should be noted that the within-group component is a weighted average of inequalities within groups only for these two measures. This is an interesting feature from an accounting point of view (Lambert, 2001). Theil (1969)
P
pointed out a relevant advantage of these measures. The term 12 K
k51 xk is
proportional to the between-group component, and hence the decomposition
coefficients are independent of differences between groups only for the two
especial cases T0 and T1. The second component reflects the level of inequality
that would exist if all individuals in the group had the same income. This is
equivalent to removing any differences within the group by replacing each
income by the mean of the group.

5. Extensions to Higher Dimensions
In this section, we sketch possible extensions of these indices to higher
dimensions. Let X5ðX1 ; . . . ; Xm Þ> be an m-dimensional vector with non-negative
components. We define the m-dimensional Theil indices as
(7)

ðmÞ
T0 ðXÞ52E





X1    Xm
log
l12...m

and
(8)

ðmÞ
T1 ðXÞ52E





X1    Xm
X1    Xm
;
log
l12...m
l12...m
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where
l12...m 5EðX1    Xm Þ < 1:
For the bivariate case m 5 2, expression (7) can be written as
ð2Þ

T0 ðXÞ52Eðlog X1 Þ2Eðlog X2 Þ1log l12 ;

(9)

and (8) can be written as
(10)

ð2Þ

T1 ðXÞ5l21
12 ½EðX1 X2 log X1 Þ1EðX1 X2 log X2 Þ2l12 log l12 ;

where l12 5EðX1 X2 Þ. For computing the terms in (10), we define
uðr1 ; r2 Þ5EðX1r1 X2r2 Þ:
Then
(11)

v1 ðr1 ; r2 Þ5

@uðr1 ; r2 Þ
5EðX1r1 X2r2 log X1 Þ;
@r1

v2 ðr1 ; r2 Þ5

@uðr1 ; r2 Þ
5EðX1r1 X2r2 log X2 Þ:
@r2

and
(12)
In consequence,
v1 ð1; 1Þ5EðX1 X2 log X1 Þ
and
v2 ð1; 1Þ5EðX1 X2 log X2 Þ:
If X5ðX1 ; X2 Þ> is a bivariate lognormal distribution with joint pdf
fX ðx1 ; x2 Þ5

1

1
pﬃﬃﬃﬃﬃﬃ exp 2 ðlog x2lÞ> R21 ðlog x2lÞ ;
2
2px1 x2 jRj

where x5ðx1 ; x2 Þ> ; l5ðl1 ; l2 Þ>. We have
EðX1r1 X2r2 Þ5exp



1 >
>
r l1 r Rr ;
2

in which r5ðr1 ; r2 Þ> . Using (9)–(10) and (11)–(12), we obtain
ð2Þ

ð2Þ

T0 ðXÞ5T1 ðXÞ5

r21 r22
1 1r12 ;
2
2

where both bivariate indices are the same, similar to the univariate case.
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6. Conclusions
In this paper, we have reviewed some of the existing formulas of the Theil
indices for several parametric models of income distributions. The GE family of
inequality measures has been widely used to study concentration and inequality.
Its property of decomposability makes these indices particularly useful for studying socioeconomic inequalities. This family includes a sensitivity parameter that
varies the weight given to income differences at the upper tail. Despite its importance, the expressions for these inequality measures are only available for a few
families of distributions. The derivation of closed expressions of the GE measures
is relatively straightforward using the theoretical moments of the parametric distributions. However, the Theil indices are limiting cases of this family and they
cannot be obtained so directly.
We have presented a convenient general expression for the Theil indices
which allows us to obtain these inequality measures for many of the most important parametric income distributions and to derive a multivariate extension of
these measures. This paper has included closed expressions of both Theil indices
for the Champernowne (1952) distribution, the generalized gamma distribution
and the generalized beta distributions of the first and second kinds (McDonald,
1984), the j-generalized income distribution (Clementi et al., 2007), and several
Pareto and gamma-type distributions. We have described the decomposition of
the GE measures and the proposed extension of the Theil indices to higher
dimensions.
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