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The Theil indices (Theil, 1967) are widely used measures for studying the degree of concentration and
inequality in size income distributions. Their property of decomposability makes these indices espe-
cially useful in applied economic analysis. This paper is a synthetic review of the Theil indices for the
most important and popular parametric income distributions. Extensions to higher dimensions are
sketched.
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1. INTRODUCTION

The study of economic inequality has received a huge amount of attention in
the literature and is still a field of intense ongoing research. The debate about the
uneven distributional effects of globalization or the consequences of the current
financial crisis on income disparities have reinforced the interest in this topic.

Several inequality measures have been proposed in the literature. Among
them, the most commonly used is the Gini index, the interpretation of which is
very intuitive in terms of the area between the egalitarian line and the Lorenz
curve. Notwithstanding its popularity, this indicator presents some rigidities with
respect to other inequality measures. In particular, it does not allow us to vary the
sensitivity of the index to redistributional movements at specific income ranges,
which can point out different evolutions of disparities when no Lorenz dominance
can be found. A generalization of this index was proposed by Yitzhaki (1983),
which includes a parameter to allow for different degrees of “aversion to inequal-
ity”. In this line, the generalized entropy (GE) inequality measures also include a
sensitivity parameter which, in this case, varies the importance given to the differ-
ences at the upper tail. This index becomes more sensitive to changes at the top of
the distribution as the parameter increases. The two limiting cases of this family
of inequality measures are obtained when the parameter is set to 1 and 0 (herein-
after 77 and Ty), corresponding to the Theil entropy index and the mean log devi-
ation (MLD), respectively. These two measures have been widely used to
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investigate the evolution of income inequality (see, e.g., Bourguignon and Morris-
son, 2002; Chotikapanich et al., 2007; Jorda et al., 2014; Warner et al., 2014). The
Theil entropy index treats equally differences in all parts of the distribution, while
the MLD is more sensitive to changes at the bottom tail. An appealing feature of
the GE measures is the property of additive decomposability, which makes these
indices especially useful for measuring socioeconomic inequalities.

Closed expressions of the GE measures can be obtained straightforwardly
using the theoretical moments of the parametric distributions, but the formulas
for the Theil indices are not so simple. In this paper, we present a convenient
expression for the Theil indices (Theil, 1967) which allows us to obtain these
inequality measures for the most relevant parametric families of income distribu-
tions and to derive closed expressions for multivariate versions of these indices.
We review these formulas for the most common income distributions and obtain
some expressions that were not available in the existing literature. In particular,
we have obtained these measures for the Champernowne (1952) distribution, the
generalized gamma distribution and the generalized beta distributions of the first
and second kind (McDonald, 1984), the k-generalized income distribution (Clem-
enti et al., 2007), and several Pareto and gamma-type distributions. The moments
of these families are also included to facilitate the computation of the GE
measures.

The contents of this paper are the following. In Section 2, we present gen-
eral expressions for the Theil entropy index and the MLD, which are especially
convenient to obtain these indicators in a closed form for a battery of paramet-
ric distributions. Section 3 presents the Theil indices for many classical distribu-
tions, including the Champernowne distribution and the three especial cases of
the generalized beta family. The Pareto hierarchy is also studied and recently
developed functional forms, such as the x-generalized distribution, are also
included. Section 4 describes the decomposition of the GE measures. Extensions
to higher dimensions are presented in Section 5. Finally, Section 6 concludes the

paper.

2. COMPUTATION OF THE THEIL INDICES

Let X be an absolutely continuous non-negative random variable with proba-
bility density function (pdf) f{x) and support (/, u), where 0 < / < u < co. Assume
that the mathematical expectation of X is finite and is given by E(X)=pu

The class of GE measures is given by

0
(1) GE(B)=@[E<§> —1], 0+£0,1,

with E(X?) < co. The limiting cases of the GE measures for 0 =0 and 0 = 1 can
be obtained as special cases of the integral

@) L ¥ (log x)"f (x)dx=E[X" (log X",

© 2016 International Association for Research in Income and Wealth

868



Review of Income and Wealth, Series 63, Number 4, December 2017

with =0, m =1, and r=m=1 respectively. In order to compute the previous inte-
gral (2), we have the following simple lemma.

Lemma 1. Let X be an absolutely continuous random variable such that
E(X") < oo, for some positive integer r € {1,2,...,00}. If,

g(r)=E(X"),
we have
dlﬂ , m
drmg(r)ZE[X (log X)"], m=1,2,...
Proof. The proof is direct and will be omitted. |

If we define
u(r,m)=E[X"(log X)"],
we have
u(0,1)=E(log X)
and
u(l,1)=E(Xlog X).

Now, the relation of the previous quantities with the Theil indices is direct. If we
consider the two Theil indices

To(X)= —E(log %)

and
Tl(X)=E({log {),
[
we have
(3) To(X)=—u(0,1)+logp,
1
4 71(X)=u(1, 1)~log .

These expressions for the Theil indices are especially convenient to obtain these
measures in a closed form for different parametric distributions. Equation (2) entails
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as particular cases the formulas used by Jenkins (2009) to obtain the two limiting
GE measures: GE(0) for r =0 and m =1 and GE(1) for r=1, m = 1. Lemma 1 not
only applies to the unidimensional case, but also to derive higher-order moments,
which are used to obtain the multivariate versions of these indices in Section 5.

3. PARAMETRIC INCOME MODELS

In this section, we report the Theil indices of the main parametric income
distributions.

Table 2 includes the Theil indices for a number of classical income distribu-
tions, which are defined in terms of their pdf or the cumulative distribution func-
tion (cdf) as presented in Table 1, where the moments are also included.

The T, index of the classical Pareto distribution can be found in Kleiber and
Kotz (2003). Next, we include the Pareto hierarchy of distributions introduced by
Arnold (2015). These indices have been obtained from Table 1 and equations (3
and 4). For the lognormal distribution, both coefficients coincide (Kleiber and
Kotz, 2003). For the Champernowne distribution (Champernowne, 1953), the for-
mulas for these coefficients are new. Finally, we have included the Theil indices
for the three McDonald (1984) income distributions: the generalized gamma
(GQ) distribution and the generalized beta distributions of the first and second
kind (GB1 and GB2). The Theil indices for the GB2 distribution were obtained
by Jenkins (2009). For the GG distribution, the 77 index was obtained by
McDonald and Ransom (2008) for a =1 (the classical gamma distribution).
These results were also reported by Salem and Mount (1974) and McDonald
(1984). To our knowledge, the formulas for the GB1 distribution are new. For the
case of the classical beta distribution (« = 1), the formula for 7 was considered
by (McDonald, 1981) and Pham-Gia and Turkkan (1992).

Table 4 reports the Theil indices for other income distributions. The corre-
sponding pdfs or cdfs and moments are given in Table 3.

First, we include the indices for the Pareto-lognormal (Colombi, 1990) and
for the double Pareto-lognormal distribution, developed by Reed (2003) and stud-
ied further by Reed and Jorgensen (2004). These indices were obtained by
Hajargasht and Griffiths (2013). The single and double Pareto distributions are
emerging distributions for income that are derived from a flexibilization of the
assumptions of the economic model that yields the lognormal distribution. This
family has good theoretical properties and some evidence has been found in favor
of its performance to fit income data (see Hajargasht and Griffiths, 2013).

The Stoppa (1990) distribution is an extension of the classical Pareto distri-
bution, which is obtained as a power transformation of the cumulative distribu-
tion function of the Pareto distribution. The log-gamma distribution was
proposed by Taguchi et al. (1993) and is also considered as a generalized Pareto
distribution, since the classical Pareto distribution corresponds to the choice
p = 1. The inverse gamma distribution is used in Bayesian analysis as a prior dis-
tribution in several problems. Note that equation (5.69) in Kleiber and Kotz
(2003) related to the moments of the inverse gamma distribution is not correct,
and hence we report the right expression in Table 3. If p = 1/2, we obtain the Levy
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distribution, which is a special case of the stable distributions and it arises as the
first-passage ties in Brownian motion. Formulas for the log-Gompertz distribu-
tion are also included.

Finally, we present the Theil indices for the x-generalized income distribution
(see Clementi et al., 2007, 2008, 2012). This distribution has been proposed as a
descriptive model for the distribution and dispersion of income within a popula-
tion based on the deformed exponential and logarithmic functions recently intro-
duced by Kaniadakis (2001). In a reasonably large number of cases, the statistical
performance of this model is not considered inferior to those of the Singh-
Maddala, the Dagum, and the GB2 distributions, whereas its ability to match the
entropy of the data dominates these families. These formulas appear in Clementi
et al. (2010).

4. DECOMPOSITION OF THE GENERALIZED ENTROPY MEASURES

In this section, we review the decomposition properties of the Theil index.
We consider two kinds of decompositions: by factors and by population
subgroups.

We begin with the decomposition by factors. Let X, X3, ..., X), be independ-
ent and positive random variables with finite expectations and consider the new
random variable X =[]/, X;. Then, it is direct to show that

(5) T(X)=)_ Ti(X), k=0,1.
i=1

Example 1. Let X be a Pareto-lognormal distribution with pdf given in the first
row of Tuable 3. By construction, X=X\ - X, where X, is a classical Pareto dis-
tribution with parameters o and o, and X5 a classical lognormal distribution
with parameters u and o*, both of which are independent. Then, using (5) for
To(X), we have

o2

1 o
TO(X)ZTO(XI)“‘TO(Xz):—&+10g ﬁ+ 5

which is the formula for the Pareto-lognormal in Table 4. A similar reasoning
holds for the computation of T\(X) using (5).

Example 2. Let X be a GB2 distribution with shape parameters (a, p, q) and
unit scale. It is well known that X can be written as X —%, where X; and X,
are independent generalized gamma distributions, with unit scale parameters and
shape parameters (a, p) and (a, q) respectively (see Kleiber and Kotz, 2003,
ch. 6). The random variable Xz_l is distributed as a inverted generalized gamma

distribution with Theil parameter TO(X2’1)=@—log W if ¢ >1/a. Then,
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To(X)=To(X))+To(X; ) =— V() tlog r(,ar+(;>/a) LY@ “log r(qr—(;)/@ |

and we obtain the formula in Table 2. In a similar way, we obtain the T;(X)
index for the GB2 distribution.

Empirical analyses of income distributions frequently require the decomposi-
tion of inequality by population subgroups, to account for different income pat-
terns by sex, region, or social status, for instance. The generalized entropy
measures are of especial interest, being the sole indices of relative inequality which
are additively decomposable into a weighted sum of inequality within each group
and another component that captures differences in mean income across groups
(between-group inequality) (Shorrocks, 1980).

If we divide the population of a country into K mutually exclusive groups,
the income distribution can be defined as a mixture of the distributions of those
groups weighted by their population shares:

()= hufi(x; ©),
k=1

where /; stands for the population weights of the groups. The global cdf would be
the integral of the pdf given by the previous equation:

K
F(x)=)_ JFi(x; 0).
k=1

The mean of this distribution is a weighted sum of the mean income of each
group, given by

K
/’L:Z )”k.uka
k=1

where py is the first moment of the income distribution, which can be obtained
from Tables | and 3.

Overall GE measures can be expressed in terms of the analytical expression
of the decomposition, given by

K K 0
_ 1 , (1
6 E0)=Y 1 S!GE0),+ ——r ) -1
© GE0)=3 AL GE W)+ gy (kzk(u ,
where /4, and GE(0), are the population share and the GE measure of the group

k. s stands for the proportion of mean income of the group k in the national

e — Ay A M
mean: Sy, =———= —¢x ——.
e
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The first component in equation (6) measures the within-group inequality,
given by the weighted sum of disparities in each group. The weights wkz/l,lfesz
depend on the proportion of the population in each group and the share of their
per capita income in the overall mean. Interestingly, these weights add up to one
only for the two limit cases corresponding to the Theil indices, which can be

expressed as

K K
T1=> sTu+y  siog <&> ;
=1 =1 "
K K p
To=3 AT+ dog (1),
=1 =1 Hie

where T and T are, respectively, the Theil and the MDL indices of group k,
which can be taken from Tables 2 and 4.

Interestingly, only the Theil entropy measure is consistent with the concept
“income weighted decomposability,” which defines the decomposition coeffi-
cients in terms of the income shares (Bourguignon, 1979). Alternative candi-
dates for the weights would be population shares, thus resulting in the so-
called “population weighted decomposability” which is only satisfied by the
MDL. It should be noted that the within-group component is a weighted aver-
age of inequalities within groups only for these two measures. This is an inter-
esting feature from an accounting point of view (Lambert, 2001). Theil (1969)
pointed out a relevant advantage of these measures. The term 1— Y ¢, oy is
proportional to the between-group component, and hence the decomposition
coefficients are independent of differences between groups only for the two
especial cases T and 7). The second component reflects the level of inequality
that would exist if all individuals in the group had the same income. This is
equivalent to removing any differences within the group by replacing each
income by the mean of the group.

5. EXTENSIONS TO HIGHER DIMENSIONS

In this section, we sketch possible extensions of these indices to higher

dimensions. Let X=(X1,..., Xm)T be an m-dimensional vector with non-negative
components. We define the m-dimensional Theil indices as

(7 7" (X)=—E [log (7)( - Xﬂ

H12..m

and

" X X, X
) T 0=-z| fog (1) |,
Hio.m Hi2.m
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where
2. m=E(X1 - X)) < 00.

For the bivariate case m = 2, expression (7) can be written as

©) 75" (X)=—E(log X\)— E(log X) +log up,

and (8) can be written as

(10) T\ (X) =, [E(X1 Xalog X))+ E(X; Xalog Xa) —puylog o],

where p;,=E(X;X>). For computing the terms in (10), we define
u(ri,r)=E(X]'X3?).

Then

(11 vi(r,ra)= %;;rz) E(X]'X*log X1),
and

(12) Vz(i”l,rz)=%;;Q):E(X{"Xflog/\’z).

In consequence,

vi(1,1)=E(X; Xzlog X})
and

(1, 1)=E(X; Xz2log X3).

If X=(Xi, Xz)T is a bivariate lognormal distribution with joint pdf

Sx(x1,x2)=

1
(logx—p) T ' (logx— },
anlxz\/ﬁ { gx—p) T (logx—p)

where x=(x,x2) ", p=(uy, 1) . We have
Ty T 1 T
E(X]'X}*)=exp (r ‘u+5r 2,

in which r=(r1,r,)". Using (9)(10) and (11)~(12), we obtain

where both bivariate indices are the same, similar to the univariate case.
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6. CONCLUSIONS

In this paper, we have reviewed some of the existing formulas of the Theil
indices for several parametric models of income distributions. The GE family of
inequality measures has been widely used to study concentration and inequality.
Its property of decomposability makes these indices particularly useful for study-
ing socioeconomic inequalities. This family includes a sensitivity parameter that
varies the weight given to income differences at the upper tail. Despite its impor-
tance, the expressions for these inequality measures are only available for a few
families of distributions. The derivation of closed expressions of the GE measures
is relatively straightforward using the theoretical moments of the parametric dis-
tributions. However, the Theil indices are limiting cases of this family and they
cannot be obtained so directly.

We have presented a convenient general expression for the Theil indices
which allows us to obtain these inequality measures for many of the most impor-
tant parametric income distributions and to derive a multivariate extension of
these measures. This paper has included closed expressions of both Theil indices
for the Champernowne (1952) distribution, the generalized gamma distribution
and the generalized beta distributions of the first and second kinds (McDonald,
1984), the k-generalized income distribution (Clementi et al., 2007), and several
Pareto and gamma-type distributions. We have described the decomposition of
the GE measures and the proposed extension of the Theil indices to higher
dimensions.
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