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This paper shows that allowing factor income share differences across countries in a modified Solow
model can imply differences in output growth rates across countries. Using cross-sectional data for 52
countries, an empirical illustration shows that the parameters of the modified model are intuitively
plausible, jointly significant, and possess modest explanatory power (R2 around 0.25). The paper
emphasizes the methodological importance of simplifying assumptions on applied theory.
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1. Introduction

The message of this paper is a simple one: the assumptions we make in
economic theory are almost never trivial. Consider one of the simplest theoretical
models in macroeconomics: Robert Solow’s early version of the neoclassical
growth model (NGM). One of the key implications of the NGM is that the
underlying growth rate of output per worker is constant across all countries. This
view of long-run growth is articulated by Mankiw et al. (1992): “We assume that
[steady-state growth rate] g [is] constant across countries. g reflects primarily the
advancement of knowledge, which is not country-specific.” This implication has
been the source of criticism of the NGM from work by Easterly and Levine (2001)
and Grier and Grier (2007), among others. This paper follows work such as
McQuinn and Whelan (2007a) by highlighting the sensitivity of this criticism to the
particular choice of assumptions.1

I demonstrate that this weakness of the model can be attributed to the
assumptions that (1) aggregate production is constant returns to scale (CRS) in
physical and human capital, and (2) factor income shares are identical across
countries—assumptions implemented more for mathematical convenience than

Note: This paper is based on the first chapter of the author’s dissertation. I am grateful to Kevin
Grier, Robin Grier, Dan Hicks, Brian Piper, Yifei Ding, and an anonymous referee for helpful
comments and discussion. Any remaining errors are my own.

*Correspondence: Norman Maynard, College of Charleston, Department of Economics, 5 Liberty
St., Beatty Center, Suite 429, Charleston, SC 29401, USA (maynardna@cofc.edu).

1It also follows in the spirit of Gómez and De Cos (2008) and Pastor and Serrano (2008), who show
that income inequality across countries is affected by population age and life expectancy. Here,
persistent income inequality across countries would be an implication of divergent growth rates
associated with variation in factor income shares.
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economic realism.2 Relaxing these assumptions produces a model which implies
cross-country variation in growth rates. I then provide a cross-sectional empirical
illustration that even these easily implemented changes in assumptions can provide
intuitively plausible growth parameters and improve the predictiveness of the
NGM.

2. Theory

Recall that in the most basic version of the Solow model, the production
function is Y(t) = K(t)α(A(t)L(t))1−α. Since physical capital is reproducible, in the
steady state it must grow at the same rate as output, implying that per capita
output growth only depends on growth in A(t). Even if we follow the common
practice of replacing raw labor with human capital, per capita output growth still
only depends on growth in A(t) and education. If labor-augmenting technology is
not country specific, then all countries should have the same underlying growth
rate.

As an alternative, consider a model with a more general production process.3

The Cobb–Douglas production function is Y(t) = A(t)K(t)αH(t)βN(t)γ, where K, H,
and N denote, respectively, reproducible physical capital, human capital, and
non-reproducible natural capital (including land and natural resources such as oil
reserves). For now, I assume human capital is simply average education level times
the number of workers, or H(t) = e(t)L(t). I also assume output elasticities α, β,
and γ are all non-negative and sum to one. The Hicks-neutral productivity term
A(t) can be decomposed into components augmenting each input to production:
A(t) = AK(t)αAH(t)βAN(t)γ.4

In the absence of ongoing changes to national borders, no country can expand
its productive land. To reflect this fact, I assume the growth rate of land is zero,
gN = 0. In the steady state labor force growth and population growth must be
equal, and I employ the conventional simplification that �L t nL t( ) = ( ) and a com-
parable definition for growth in average education, ė(t) = gee(t).5

Similarly, using the conventional equation of motion for physical capital
implies that capital and total output must grow at the same rate in the steady state,
so the steady-state growth rate of output per worker is
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2Although Chirinko (2008) presents evidence against the use of the Cobb–Douglas production
function, Aiyar and Dalgaard (2009) argue that the Cobb–Douglas function still provides a reasonable
approximation for some applications. The results presented here show that some of the weaknesses of
the standard Cobb–Douglas production function are related to other modeling assumptions.

3The following builds on Nordhaus (1992) and Romer (2006).
4This assumption for productivity allows me to estimate coefficients related to each factor income

share, but is not necessary to produce cross-country variation in growth rates.
5Strictly speaking, since average years of education is bounded, in the very long run this growth

rate would equal zero, so the theoretical structure could still hold even if we see no effect of average
education growth on per capita output growth. This is only strictly true in the very long run, though,
and we need not expect this to hold in a finite sample. For this reason, I use the growth rate of average
education in the empirical application.
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where gAX is the (constant) growth rate of technology augmenting input x. The
presence of the fixed factor N(t) results in a growth rate which is a function of
population growth, education growth, technology growth, and factor income
shares.

This result differs from the most basic NGM result, in which the long-run
growth rate of output per worker is simply the growth rate of human capital-
augmenting technology plus the growth rate in education, gAH + ge. If knowledge
is a pure public good, then all countries should converge to the same long-run
growth rate. Essentially, the standard NGM can account for zero variation in
long-run growth rates. Here, however, the introduction of land to the production
function means the long-run growth rate of output per worker also depends on
factor income shares, growth in average education, and population growth.
The long-run growth rate also depends on multiple technology growth rates, not
just labor-augmenting technology, due to the general multiplicative technology
used.

3. An Empirical Illustration

Although the theoretical implications are straightforward, it is worth asking
how empirically relevant they are. To answer this question, I use a simple cross-
sectional regression to determine the statistical significance and explanatory power
of the variables in equation (1). This is hardly a robust test of the model, and
empirical results supporting the model could also be consistent with many others.
The exercise here is meant to illustrate how changing commonly accepted simpli-
fying assumptions matters for applied theory.

3.1. Methods

Empirical tests of the NGM typically treat growth rates in population and
technology as data, while the estimated parameters are functions of output elas-
ticities. This implies that factor income shares (which equal output elasticities
under competitive factor markets) are identical across countries, despite previous
research indicating that pooling output elasticities across countries is not sup-
ported by the data (see Grier and Tullock, 1989; Durlauf and Johnson, 1995).6 I
reverse the usual paradigm by using data on factor shares to estimate factor-
specific technology growth rates, which should be pooled across countries accord-
ing to the NGM.

The version of equation (1) that I estimate is
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6Owen et al. (2009) estimate the number of growth regimes (implicitly determining the number of
distinct αs and βs) in a neoclassical structure using a finite mixture model. They primarily focus on
the evidence that there are multiple components to the mixture rather than on implications for the
NGM.
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where subscript i indicates country. The country specific error term εi is
mean-zero and i.i.d. Normal; the technology growth rates, b1 and b2 are regression
parameters; and all other variables are defined as in Section 2. This cross-sectional
regression can be estimated using OLS.7

The theoretical model implies the regression parameters b1 and b2 should
equal −1 and 1, respectively. Practically speaking, it is difficult to think of growth
in natural capital-augmenting technology that would not be correlated with
growth in physical capital-augmenting technology, suggesting that gAN may be
small and possibly statistically insignificant. These implied restrictions, combined
with inspection of the estimated technology growth rates, provide a useful check of
how plausible the theoretical model is in an empirical setting.

3.2. Data

I use factor income share data for 52 countries from Caselli and Feyrer
(2007), who expand on the work of Gollin (2002) and Bernanke and Gurkaynak
(2002) by distinguishing the factor share of reproducible capital (RC) from total
capital (TC). I use RC as physical capital shares, TC minus RC as natural
capital shares, and the residual as human capital share so that all factor shares
sum to unity. Izyumov and Vahaly (2013) have criticized this data, arguing that
its treatment of labor income from unincorporated enterprises obscures system-
atic differences in factor shares between rich and poor countries. I use this data
both because it is standard in the literature and because it highlights the impact
of modeling assumptions even if the data implies that factor share differences are
small.

Data on output per capita and population come from the Penn World
Table 6.3 of Heston et al. (2009).8 In order to capture the long-run trend in income
and population growth, I use 35-year growth rates of both variables (1973–2007)
by taking the difference between the natural logs of the first and last period and
divide by the number of periods.9 Since most of the factor income share data is
from around 1990, I also run the regressions using 18-year growth rates beginning
in 1990–2007 to reduce concerns about reverse causality. Recent evidence by
McQuinn and Whelan (2007b) suggests that convergence speeds are substantially
higher than earlier estimates indicate, and thus the 18-year sample should still give
a relatively accurate picture of long-run growth.

In order to capture as large a fraction of the labor force as possible, I use the
measure of average education for the full population over the age of 15 from Barro

7Although factor shares do vary between countries, I assume that they are relatively constant over
time within countries, which is consistent with the claims of Gollin (2002). This insures that analysis
along the balanced growth path is valid. This assumption has been criticized (see Sturgill, 2012). Such
arguments are in keeping with this paper’s concerns about simplifying assumptions, although criticism
of constant factors over time is beyond the scope of this paper, which highlights weaknesses of the
model even if factor income shares do not vary over time.

8The output variables are chain-weighted real per capita GDP (rgdpch) and real GDP per worker
(rgdpwok).

9The calculated growth rates are nearly identical for a simple linear regression on time over the
sample period.
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and Lee (2013).10 Since this data is available at five-year intervals, with the most
complete data (not requiring estimation) only every decade, I use the difference
between the natural log of average education in 2010 and 1970 for the 35-year
regression and beginning in 1990 for the 18-year regression.

Descriptive statistics for all variables are shown in Table 1, with the correla-
tions between variables shown in Table 2. It is clear from these tables that the
empirical growth rates of output per capita vary substantially, ranging from −2.3
percent up to +5.6 percent, and alternative measures are highly correlated with
each other. It is also worth pointing out that by construction α, β, and γ sum to
one, so that the variables β/1 − α and γ/1 − α used in the regression also sum to 1.

10Although this age grouping will include many non-workers in some countries, the results pre-
sented below are almost identical to those using population over the age of 25.

TABLE 1

Descriptive Statistics

N = 52 Mean S.D. Max Min

α 0.185 0.071 0.380 0.030
β 0.654 0.088 0.790 0.450
γ 0.161 0.090 0.470 0.060
ge (1973–2007) 0.017 0.010 0.042 0.003

(1990–2007) 0.012 0.007 0.032 0.001
n (1973–2007) 0.016 0.012 0.071 0.002

(1990–2007) 0.013 0.008 0.034 −0.001
gy rgdpch

(1973–2007) 0.019 0.014 0.055 −0.008
(1990–2007) 0.019 0.015 0.056 −0.023
rgdpwok
(1973–2007) 0.012 0.014 0.043 −0.015
(1990–2007) 0.013 0.015 0.038 −0.023

Note: The output variables are chain-weighted real per
capita GDP (rgdpch) and real GDP per worker (rgdpwok).

TABLE 2

Variable Correlations

α β γ
ge ge n n rgdpch rgdpwok rgdpch rgdpwok

(’70) (’90) (’73) (’90) (’73) (’73) (’90) (’90)

α 1 −0.37 −0.43 −0.09 −0.09 −0.16 −0.11 0.41 0.39 0.23 0.28
β 1 −0.69 −0.30 −0.16 −0.24 −0.45 0.03 0.11 0.13 0.28
γ 1 0.36 0.22 0.36 0.52 −0.35 −0.41 −0.30 −0.48
ge (’70) 1 0.84 0.35 0.54 −0.13 −0.15 −0.27 −0.39
ge (’90) 1 0.29 0.42 −0.18 −0.20 −0.24 −0.32
n (’73) 1 0.61 −0.19 −0.22 −0.22 −0.28
n (’90) 1 −0.32 −0.34 −0.37 −0.47
rgdpch (’73) 1 0.96 0.79 0.77
rgdpwok (’73) 1 0.70 0.76
rgdpch (’90) 1 0.92
rgdpwok (’90) 1

Note: Correlations among factor shares and between alternative measures of education, popula-
tion, and output growth are bolded.
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These variables do not represent independent information; rather, they indicate
how the 1 − α share of income is split between human and natural capital.

3.3. Results and Discussion

The estimation results of equation (2) are presented in Table 3. The columns
indicate the different measures of output, using per capita and per worker
constant-price GDP (adjusted for purchasing power parity). For the 35-year
growth estimates, the estimated growth rates on technology are relatively intuitive.
The parameter representing (physical) capital-augmenting technology growth is
the largest and most significant with more than 4 percent annual growth. Labor-
augmenting technology is barely insignificant in the first regression, with roughly
1 percent growth for both. Land-augmenting technology is insignificant and
switches signs between regressions. Although the estimate is not significant, it is
also worth noting that the theoretical prediction of b1 = −1 is quite close to the
actual estimates produced.

Further statistical support for the model is provided by F-tests of the follow-
ing restrictions on the parameters: (1) restricting the three growth parameters to
zero; (2) restricting gAK to zero and the other growth parameters to be identical
(essentially replacing the growth parameters with an intercept term); and (3)
restricting all regressors to zero except for an intercept. In almost all cases, we
reject the restrictions at the 5 percent level, providing evidence that the variables
suggested by the model have a joint impact on long-run growth rates.11 In terms of

11The only exception is replacing the growth parameters with an intercept for the rgdpwok
1990–2007 output measure (p = 0.136).

TABLE 3

Regressions Results

1973–2007 1990–2007

rgdpch rgdpwok rgdpch rgdpwok

gAK 0.045** 0.041* 0.029 0.028
(0.020) (0.021) (0.019) (0.019)

gAH 0.011 0.008 0.012* 0.014**
(0.007) (0.007) (0.007) (0.007)

gAN 0.017 −0.005 0.097*** 0.052*
(0.026) (0.026) (0.031) (0.028)

b1 −1.245 −0.866 −4.984*** −4.118***
(0.894) (0.867) (1.276) (1.070)

b2 0.051 0.026 −0.139 −0.277
(0.255) (0.261) (0.335) (0.287)

R2 0.242 0.250 0.354 0.431
Adj − R2 0.178 0.186 0.299 0.382
F(4, 47) 3.75 3.91 6.45 8.89
N 52 52 52 52

Notes: Heteroskedasticity-robust standard errors are in
parentheses.

***Significant at the 1% level; **at the 5% level; *at the 10%
level.
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goodness-of-fit, the estimates explain roughly a quarter of the variation in per
capita GDP growth rates across countries. This last point stands in stark contrast
to the conventional Solow model’s implication that long-run growth rates should
be nearly identical, which by definition would imply an R2 of zero.

The goodness-of-fit and statistical significance of the individual estimates
both increase if we look at the shorter time span beginning in 1990. Labor-
augmenting technology again grows at roughly 1 percent, while capital-
augmenting technology is nearly 3 percent. However, using this data the growth
rate of land-augmenting technology is between 5 and 10 percent, which is mark-
edly higher than the results from the longer time span. The coefficient on popula-
tion growth, b1, is also far larger than the theory would suggest, with values around
−4 and −5 (and highly statistically significant). This closer relationship between
population growth and output growth over the shorter time-frame is likely the
main source of the improved goodness-of-fit, and may suggest an out-of-
steady-state relationship in this sample which had little effect on the 35-year
growth rates.

While b2 is not close to the value suggested by the theory, this implication is
dependent on the assumption that education enters human capital linearly, which
Krueger and Lindahl (2001) and Trostel (2004) suggest may not be an accurate
representation of the contribution of education to output. Hall and Jones (1999)
use H(t) = exp{φ(e(t))}L(t), where φ(e(t)) is a piecewise linear function. This
implies the following modified version of the regression:

(3) g g g g b
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where ei is the level of education and ′ϕi is the return to education. I use the rates
of return to education from Psacharopoulos and Patrinos (2004).12 I re-estimate
using this equation, with results presented in Table 4. The results are quite
similar to the previous estimates, with only the b2 parameter changing
substantially.

A further check allows for an even more general human capital term,
H(t) = h(e(t))L(t), which implies the regression as follows:

(4) g g g g b
n

f e
g

yi AK
i

i
AH

i

i
AN

i

i

i i

i
i

ei i=
−

+
−

+
−

−
−

+ ( )
−

α
α

β
α

γ
α

γ
α

β
α1 1 1 1 11

ii
i ie + ε ,

where f(ei) = b2h′(e(t))/h(e(t)), which may be highly non-linear. However, estimates
of gAK, gAH, gAN, and b1 can still be found by multiplying the regression through by
(1 − αi)/geiβiei and using semi-parametric estimation to factor out the function f(ei).
The results of this estimation are presented in Table 5.13 The estimates of gAH

are now closer to zero, but are otherwise broadly similar to the previous
results.

12I use the average level of education and the average return to education over the sample period.
The results do not substantially change if I use the initial level of education and initial return to
education.

13For non-parametric estimation I use the locally weighted scatterplot smoothing (lowess) estima-
tor with a tricube weighting function and a bandwidth of 0.8.
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These results may suggest the combined importance of both allowing factor
income shares to differ across countries and allowing the production function to
have decreasing returns to scale in physical and human capital, but the interpre-
tation of such a simple illustration must be tentative. A plausible alternative might

TABLE 4

Regressions Results (Piecewise Linear Returns to
Education)

1973–2007 1990–2007

rgdpch rgdpwok rgdpch rgdpwok

gAK 0.042** 0.039* 0.027 0.029
(0.020) (0.020) (0.020) (0.020)

gAH 0.008 0.006 0.008 0.011
(0.007) (0.007) (0.008) (0.007)

gAN 0.017 −0.005 0.098*** 0.054*
(0.028) (0.027) (0.031) (0.028)

b1 −1.423 −0.997 −5.225*** −4.363***
(0.936) (0.879) (1.295) (1.112)

b2 0.569 0.383 0.379 −0.073
(0.532) (0.574) (0.516) (0.537)

R2 0.259 0.257 0.357 0.420
Adj − R2 0.196 0.194 0.303 0.371
F(4, 47) 4.10 4.08 6.53 8.51
N 52 52 52 52

Notes: Heteroskedasticity-robust standard errors are in
parentheses.

***Significant at the 1% level; **at the 5% level; *at the 10%
level.

TABLE 5

Regressions Results (Non-Linear Returns to Education)

1973–2007 1990–2007

rgdpch rgdpwok rgdpch rgdpwok

gAK 0.044** 0.042** −0.010 0.009
(0.022) (0.021) (0.027) (0.024)

gAH −0.003 −0.006 0.003 −0.001
(0.007) (0.006) (0.007) (0.007)

gAN 0.024 0.009 0.100*** 0.062***
(0.021) (0.018) (0.027) (0.023)

b1 −0.973 −0.941 −4.202*** −3.366***
(0.800) (0.641) (1.004) (0.820)

R2 0.226 0.192 0.404 0.422
Adj − R2 0.160 0.124 0.354 0.372
F(4, 47) 3.42 2.80 7.98 8.56
N 52 52 52 52

Notes: Heteroskedasticity-robust standard errors are in
parentheses. Non-parametric estimation uses the locally
weighted scatterplot smoothing (lowess) estimator with a tricube
weighting function and a bandwidth of 0.8.

***Significant at the 1% level; **at the 5% level; *at the 10%
level.
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be that capital-augmenting technology (which might be capturing quality improve-
ments in capital goods) diffuses slowly across borders compared to either labor- or
land-augmenting technology, leading to a higher degree of variation. For example,
insect-resistant crops may only provide benefits in the specific land and climate
where they are developed. Overall, the goodness-of-fit, plausibility of estimated
growth rates, and near-unity of b1 in the 35-year growth rate regressions should be
viewed as suggestive of the importance of simplifying assumptions for applied
theory.14

4. Conclusion

This paper points out that the neoclassical implication that all countries grow
at the same rate, an implication starkly at odds with the evidence of Grier and
Grier (2007), is related to the assumptions of common cross-country factor income
shares and CRS in physical and human capital. Researchers conducting cross-
country growth comparisons should be particularly careful about using these
assumptions. Although the empirical evidence for this particular model is modest,
it is methodologically important if we wish to link empirical studies to economic
theory.

References

Aiyar, S. and C. J. Dalgaard, “Accounting for Productivity: Is it OK to Assume that the World is
Cobb-Douglas?” Journal of Macroeconomics, 31, 290–303, 2009.

Barro, R. and J. W. Lee, “A New Data Set of Educational Attainment in the World, 1950–2010,”
Journal of Development Economics, 104, 184–98, 2013.

Bernanke, B. and R. Gurkaynak, “Is Growth Exogenous? Taking Mankiw, Romer, and Weil Seri-
ously,” NBER Macroeconomics Annual, 16, 11–57, 2002.

Caselli, F. and J. Feyrer, “The Marginal Product of Capital,” Quarterly Journal of Economics, 122,
535–68, 2007.

Chirinko, R., “σ : The Long and Short of It,” Journal of Macroeconomics, 30, 671–86, 2008.
Durlauf, S. and P. Johnson, “Multiple Regimes and Cross-Country Growth Behavior,” Journal of

Applied Econometrics, 10, 365–84, 1995.
Easterly, W. and R. Levine, “It’s Not Factor Accumulation: Stylized Facts and Growth Models,”

World Bank Economic Review, 15, 177–219, 2001.
Gollin, D., “Getting Income Shares Right,” Journal of Political Economy, 110, 458–74, 2002.
Gómez, R. and P. De Cos, “Does Population Ageing Promote Faster Economic Growth?” Review of

Income and Wealth, 54, 350–72, 2008.
Grier, K. and R. Grier, “Only Income Diverges: A Neoclassical Anomaly,” Journal of Development

Economics, 84, 25–45, 2007.
Grier, K. and G. Tullock, “An Empirical Analysis of Cross-National Economic Growth, 1951–1980,”

Journal of Monetary Economics, 24, 259–76, 1989.
Hall, R. and C. Jones, “Why Do Some Countries Produce So Much More Output Per Worker Than

Others?” Quarterly Journal of Economics, 114, 83–116, 1999.
Heston, A., R. Summers, and B. Aten, “Penn World Table Version 6.3,” Center for International

Comparisons of Production, Income and Prices at the University of Pennsylvania, 2009.
Izyumov, A. and J. Vahaly, “Income Shares Revisited,” Review of Income and Wealth, doi: 10.1111/

roiw.12072, 2013.

14An additional point on interpretation is that the regressions only include those variables which
the theoretical model suggests are important. These results would not be meaningful outside the context
of the model presented, since a model suggesting additional variables would likely imply an omitted
variable bias in the results presented here.

Review of Income and Wealth 2015

© 2015 International Association for Research in Income and Wealth

9

Review of Income and Wealth, Series 62, Number 3, September 2016

VC 2015 International Association for Research in Income and Wealth

582



Krueger, A. and M. Lindahl, “Education for Growth: Why and for Whom?” Journal of Economic
Literature, 39, 1101–36, 2001.

Mankiw, N. G., D. Romer, and D. Weil, “A Contribution to the Empirics of Economic Growth,”
Quarterly Journal of Economics, 107, 407–37, 1992.

McQuinn, K. and K. Whelan, “Conditional Convergence and the Dynamics of the Capital-Output
Ratio,” Journal of Economic Growth, 12, 159–84, 2007a.

———, “Solow (1956) as a Model of Cross-Country Growth Dynamics,” Oxford Review of Economic
Policy, 23, 45–62, 2007b.

Nordhaus, W., “Lethal Model 2: The Limits to Growth Revisited,” Brookings Papers on Economic
Activity, 2, 1–43, 1992.

Owen, A., J. Videras, and L. Davis, “Do All Countries Follow the Same Growth Process?” Journal of
Economic Growth, 14, 265–86, 2009.

Pastor, J. and L. Serrano, “Permanent Income, Convergence and Inequality among Countries,” Review
of Income and Wealth, 54, 105–15, 2008.

Psacharopoulos, G. and H. A. Patrinos, “Returns to Investment in Education: A Further Update,”
Education Economics, 12, 111–34, 2004.

Romer, D., Advanced Macroeconomics, McGraw-Hill Irwin, 3rd edn, New York, 2006.
Sturgill, B., “The Relationship between Factor Shares and Economic Development,” Journal of Mac-

roeconomics, 34, 1044–62, 2012.
Trostel, P., “Returns to Scale in Producing Human Capital for Schooling,” Oxford Economic Papers,

56, 461–84, 2004.

Review of Income and Wealth 2015

© 2015 International Association for Research in Income and Wealth

10

Review of Income and Wealth, Series 62, Number 3, September 2016

VC 2015 International Association for Research in Income and Wealth

583


