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Although technical coefficients are estimated on the basis of flow data (use and make matrices), they are
rarely treated as random variables. If this is done, an error term is added to the coefficients, rather than
derived from the distribution of the data. Even so, the calculation of multipliers, by means of the
Leontief inverse, is difficult. Due to the nonlinearity of this operation, the multiplier estimates are
biased. By going back to the flow data, this paper provides unbiased and consistent employment and
output multipliers estimates for the Andalusian economy. Rectangular use and make matrices are
accommodated and problems associated with the construction and estimation of technical coefficients
and the Leontief inverse are circumvented.

1. I

The prime use of input and output accounts is the estimation of multiplier
effects, such as the employment and output effects of increases in alternative final
demand components. The multipliers are “given” by the Leontief inverse of the
matrix of input–output coefficients. The practice of interrelating accounts and
input–output multipliers can be decomposed into three steps (see Figure 1).

Step 1 consists of filling data gaps, imputing values to non-observed estab-
lishments, and summation over firms within industries. These operations are
straightforward and produce the so-called use and make tables, U and V, which
display the commodity inputs and outputs of the industries. The off-diagonal
elements of the make table are the so-called secondary products, which must be
treated one way or another in Step 2. The System of National Accounts (UN,
1993) advocates the so-called commodity technology, which involves inversion of
the make table. Anyway, the result is a matrix of input–output coefficients, A.
The third and last step is Leontief inversion, (I - A)-1 = I + A + A2 + . . . . In
multiplier analysis, the first term represents the direct effect, the second term the
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direct input requirement, and the third and further terms the indirect input
requirements.

The literature is as piecemeal as Figure 1 suggests. The theory of input–output
coefficients addresses Step 2 and analyzes alternative models for their construc-
tion. Results are partial and problems persist, such as the problem of negative
coefficients. Basically, input–output coefficients measure inputs per units of
outputs and the division by outputs involves the inversion of the make table, a
complicated, nonlinear operation. The stochastic input–output literature focuses
on Step 3, analyzing the transmission of errors under Leontief inversion. Here
the problem is also nonlinearity, but not one associated with the presence of sec-
ondary products. In fact, the problem is already there in a one-sector economy,
where matrix A reduces to a scalar a. Because the Leontief inverse,
(I - a)-1 = 1 + a + a2 + . . . , is a convex function of input–output coefficient a,
Young’s Theorem yields that the expectation of the Leontief inverse exceeds the
Leontief inverse of the expectation of the input–output coefficient. Since the latter
constitutes the standard Leontief inverse, it follows that the standard Leontief
inverse underestimates its true value. Simonovits (1975) and Kop Jansen (1994)
extend this result, albeit under rather restrictive assumptions, such as the indepen-
dence of technical coefficients. Dietzenbacher (1995) and Roland-Holst (1989) find
more overestimation than underestimation.

In this paper we make two interrelated contributions to the literature. First, we
derive information on the precision of multipliers not from stochastic assumptions
on the input–output coefficients, but from the variability of the underlying input
and output statistics across establishments. In other words, we go back to square 1
in Figure 1. Second, we integrate the steps of Figure 1, by reducing the formulas

Survey of establishment inputs and outputs 

Step 1: Extrapolation and Aggregation 

Result 1: Industry Use and Make Tables 

Step 2: Treatment of Secondary Production 

Result 2: Input-Output Coefficients Matrix 

Step 3: Leontief Inversion 

Result 3: Matrix of Multipliers 

Figure 1. From Establishment Data to Input–Output Multipliers
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for multipliers to the establishment use and make tables. To our delight, the
nonlinearities, which plague the construction of input–output coefficients and the
transmission of errors in the Leontief inverse, neutralize each other. In this way we
are able to present consistent linear unbiased estimates of multipliers. We contrast
our results with the official ones of the Institute of Statistics of Andalusia (IEA).

2. F D  C   C  M

Modern input–output accounting distinguishes commodities i = 1, . . . , n and
activities j = 1, . . . , m. (We have traced this approach to Edmonston, 1952.) At the
most disaggregated level, an activity represents a plant. Plant j uses inputs (both
factor services and commodities) to make products (commodities). For reasons of
national accounting, it is customary to list the inputs in the j-th column of use
matrix U = (uij) but the outputs in the j-th row of make matrix V = (nji). The
requirements of input i by industry j are proportional to its products njk. If we
assume that the proportions, aik, are independent of the industry (the so-called
commodity technology assumption), we obtain for the technical coefficients:

u a for all i n and j mij ik jk
k

n

= = =
=
∑ ν 1 1

1

, . . . , , , .. . .(1)

According to Konijn and Steenge (1995), an input–output matrix A has to
fulfill the commodity technology assumption to achieve full consistency with
fundamentals of input–output analysis. Kop Jansen and ten Raa (1990) arrived at
the same conclusion on axiomatic grounds. Moreover, Avonds (2005) demon-
strated that the commodity technology assumption need not break the economic
circuit, as de Mesnard (2004) argued.

If there are more activities than commodities (m > n), the system of equation
(1) is overdetermined, an error term must be attached, and the input–output
coefficients become regression coefficients. Several studies have attempted to esti-
mate technical coefficients from econometric models with cross-section data on
firms’ inputs and outputs. Miernyk et al. (1970) quantify the level of uncertainty in
measured technical coefficients. Mattey and ten Raa (1997) support the commod-
ity technology hypothesis for United States manufacturing.

In the literature on stochastic input–output analysis, technical coefficients are
the point of departure for the analysis of the probabilistic properties of the Leontief
inverse, B = (I - A)-1. Kop Jansen (1994) reviews how stochastics affect the multi-
pliers, i.e. the distributional properties of the Leontief inverse. Basically, Young’s
Theorem extends (assuming independence and symmetry) and the expected value of
the Leontief inverse is underestimated by the Leontief inverse of the expected value
of the A-matrix. This bias of the standard Leontief inverse will be revealed by our
results. For purists the situation is as follows. Denote the true value of the input–
output matrix by a and of its Leontief inverse by b. Denote the estimate of a by A
and of b by B. The standard estimator of b is B = (I - A)-1. The expectation of B is
E(B) = b + bias. Denote the estimator we will develop in the next section by B. Since
it will be unbiased, E(B) = b. It follows that the bias of the standard Leontief inverse
is E(B) - E(B). We will estimate this bias by B - B. If the assumptions of the
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extension of Young’s Theorem are valid, we expect B < B, or that standard multi-
pliers underestimate our estimates of the true values.

An output multiplier is given by the total value of production needed to satisfy
a euro worth of a particular component of final demand and a multiplier measures
the associated number of workers. We will adopt the commodity technology
hypothesis for intermediate and labor inputs. Use and make transactions exclude
imports and are valued at basic prices. Net commodity taxes and non-deductible
Value Added Tax (VAT) are excluded, as are trade and transport margins. The
latter are assigned to the trade and transport services industry. The measurement in
basic prices accommodates the treatment of net exports as part of final demand.

Employment multipliers are derived from labor coefficients. Commodity tech-
nology labor coefficients are determined by the following expression:

L lV= T,(2)

where L represents a row vector of labor employment (of order m), l is the row
vector of labor coefficients and V T the transposed make matrix. Inflation by the
Leontief inverse yields the employment multipliers (l):

λ = −( )−l I A 1.(3)

Multipliers (3) measure the employment generated by a monetary unit
expended on alternative commodities. It is no workers per worker figure, but a
kind of return-on-investment measure.

In traditional input–output analysis all matrices are square (m = n) and equa-
tions (1) and (2) imply the well-known commodity technology coefficients
A = U(V T)-1 and l = L(V T)-1 (Kop Jansen and ten Raa, 1990). In this case, the
employment multipliers (3) reduce to:

λ = ( ) − ( )  = − ( ) { } = −( )− − − − − −
L V I U V L I U V V L V UT T T T T .

1 1 1 1 1 1
(4)

or

L V U= −( )λ T .(5)

If there are more activities than commodities (m > n), the system of equations
(5) is overdetermined, an error term must be attached, and the employment mul-
tipliers become regression coefficients:

L V U= −( ) +λ εT .(6)

In (6) L is a row vector of order m with labor employment, l is a row vector
of order n with employment multipliers, V is a make matrix of order m ¥ n, U is a
use matrix of order n ¥ m and e is a row vector of independently normally random
disturbance errors with zero mean and constant variance, with order m. Notice
that m is the number of establishments or observations and that net outputs by
commodities would therefore constitute the independent variables of the resulting
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model. The estimation of employment multipliers becomes a matter of multiple
linear regression analysis, with linear, unbiased and consistent multipliers esti-
mates. In Section 3, we estimate (6) for the Andalusian economy in the year 1995.

Output multipliers, m are given by the column totals of the Leontief inverse:

µ = −( )−e I A 1(7)

The only difference with equation (4) is the replacement of the row vector of
labor coefficients l by the unit vector e = (1. . .1). In standard input–output analysis
the output multipliers (7) are represented by:

µ = − ( )  = −( )− − −
e I U V eV V UT T T1 1 1

(8)

or

eV V UT T= −( )µ .(9)

Analogous to the system of equations (5), the output multipliers become
regression coefficients when there are more activities than commodities (m > n).
That is, net outputs would be considered again as exogenous variables.

eV V UT T= −( ) +µ ε.(10)

In (10), eV T is a row vector of total outputs of establishments (of order m) and
m, a row vector of output multipliers (of order n), having V, U and e the same
meaning as for employment multipliers. In the next section, equation (10) will also
be estimated for the Andalusian economy in 1995.

For both the employment and the output multipliers the huge sample size
justifies our normality assumption, by the Central Limit Theorem.

3. R

The sample used by IEA (1999) to construct published use and make tables,
covered nearly 45 percent of total regional outputs and more than a third of total
employment. The IEA completed the initial survey-based information on indus-
tries’ disaggregated turnovers and purchases with other statistical sources from the
National Statistical Institute (INE), the Central Balance Sheet Office and public
institutions (health services, government budget data, education, agriculture, etc)
to achieve such large sample coverage. However, while most observations were
establishments, some industries’ data had to be consolidated (see Table 1). Since
no establishments can be identified, Public Administration is treated as a single
observation. For data availability reasons agriculture, public hospitals, public
education services and public social services are also consolidated, among others.
Thus, the sample size of our analysis is 18,084 observations.

The official input–output table (IEA, 1999) was compiled using the
commodity technology model as a first estimation. Next, changes were made
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manually depending on the resulting negatives and their possible causes, i.e.
errors in use and make tables, heterogeneity of the industry classification and
vertical integration, where sometimes the industry technology assumption was
preferable. Nevertheless, for comparison purposes, the Leontief inverse based
input–output multipliers shown in Table 1 were not constructed on the basis of
the official A matrix but on a pure commodity technology basis. This means that
equations (3) and (7) were computed using published use and make tables and
A = U(V T)-1.

Labor data are expressed in full-time equivalent numbers of workers. This is
survey based for each industry and has been checked by IEA using other regional
and national labor statistics.

Employment Multipliers

The employment multipliers estimates are presented in Table 1. For compari-
son, the second column displays the employment multipliers based on published
use and make tables under the commodity technology assumption.

The model has been estimated for 87 commodities by means of ordinary
least squares. The resulting R-squared is 0.9948, which is quite satisfactory. Due
to the presence of certain forms of unknown heteroskedasticity, the White esti-
mate (White, 1980) of the covariance matrix of estimated coefficients was used to
provide consistent and robust standard errors. We find that problems of auto-
correlation (not expected in cross-sectional data) and multicollinearity do not
plague our analysis. Only 12 of the 7,482 (87 ¥ 86) possible off-diagonal elements
of a correlations matrix with 87 different explanatory variables were higher than
0.5, with only one higher than 0.75. Eventually, 76 estimated multipliers are
significant at the 95 percent confidence level. All remaining estimators are
assumed to be zero (no impact) at the same confidence level, since the null
hypothesis is accepted in each one of the cases. Negative values of multipliers are
insignificant.

Three major contributions are provided by the results presented in Table 1:
(1) In most cases, the Leontief inverse based employment multipliers over-

estimate the true values. Indeed, 57 of 87 commodities have lower
employment multipliers than those calculated with the published use and
make matrices. On the other hand, 19 commodities have higher employ-
ment multipliers. Our findings contradict the underestimation of the
Leontief inverse found in Simonovits (1975), or rather its restrictive
assumptions, such as the independence of technical coefficients, and firm
up the conclusions of Dietzenbacher (1995) and Roland-Holst (1989).

(2) Input–output estimates are unbiased and consistent, providing confidence
intervals for employment multipliers. These intervals may be seen as
a measure of the true estimates of the accuracy of multipliers. About
56 percent of the published based input–output multipliers values are
included.

(3) The estimated bias of employment multipliers is generally positively
related with secondary production. Commodities that are the primary
output of industries with sizeable secondary production and commodities
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of which a large share is produced as secondary output have employment
multipliers with larger estimated bias, as measured by the difference
between the published data based and our estimated employment multi-
pliers. Estimated multipliers not significant at the 95 percent confidence
level are set zero, and therefore the estimated bias equals the official data
based multiplier.

The Spearman’s rank correlation between estimated and official data based
multipliers is 0.65. Additionally, four out of the six most prominent rank reversals
are insignificant at the 95 percent confidence level, i.e. other business services have
large proportions of secondary activities (42.74 percent), their primary products
are produced elsewhere in sizeable amounts (41.45 percent) and nearly 82 percent
of marketing services are produced by other industries. Also, just one out of the
seven commodities with highest estimated bias (in absolute values) are significant
at a 5 percent significance level, i.e. cinema, video, radio and television services,
where the secondary activities of the corresponding industry represent almost 44
percent of their total production.

From a theoretical view, when some industries with no secondary activities
produce commodities for which other industries provide sizeable amounts, it is
reasonable to assume that the technologies used by the rest of the economy for
making such commodities should not match that of the industries for which they
are primary products (the latter industries’ technology can be considered as com-
modities technology since no secondary products are involved). This could explain
the sizeable estimated bias of marketing services, computer services and public
drainage and sewerage services.

On the contrary, when some commodities are produced by a single industry
with large proportions of secondary outputs, it is reasonable to assume that these
primary commodities are not produced according to a commodity technology
hypothesis if the estimated bias is sizeable. Such is the cases for cinema, video,
radio and television services and printing, publishing and editing services.

Output Multipliers

Maintaining the number of observations of the last section, the output mul-
tipliers are as presented in Table 2.

The proposed model has been estimated for 87 commodities by means of
ordinary least squares and, as before, with quite satisfactory goodness of fit
(R-squared equal to 0.9993). The White (1980) estimated covariance matrix of
estimated regression coefficients was used to obtain consistent standard errors.
The model is free from serial correlation (as expected in cross-sectional data) and
multicollinearity issues. This time, 84 estimated multipliers are significant at a 5
percent significance level. The same as in employment multipliers holds for non-
significant estimates and negative values.

The output multipliers provide similar results as the employment multipliers
presented above. These are:

(1) Mostly, official data based output multipliers are overestimated and
not underestimated. It is remarkable that 73 of 87 commodities have
lower output multipliers than published data based multipliers, whilst 11
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commodities have higher output multipliers. Again, most of the output
multipliers obtained by using published data are overestimated and not
underestimated, confirming Dietzenbacher (1995) and Roland-Holst
(1989).

(2) Unbiasedness and consistency of estimated input–output multipliers,
jointly with derived confidence intervals. In this case, 34.5 percent of
published data based multipliers are included within them.

(3) Once again, the estimated bias of output multipliers has a positive rela-
tionship with secondary production. The Spearman’s rank correlation
between official data based and estimated multipliers is 0.51. Moreover,
we find that the three products with the highest estimated bias correspond
exactly with the three commodities which are insignificant at the 95
percent confidence level, namely accounting and law activity services (12.8
percent of secondary productions and 19.9 percent of services produced
elsewhere), printing, publishing and editing services (28.2 percent of sec-
ondary outputs) and petrol and motor vehicles trade services (14.8 percent
of secondary activities).

It is surprising that the output multipliers are more accurate than the employ-
ment multipliers. With only three exceptions, the p-values in Table 2 are smaller
than the corresponding ones in Table 1.

Some macro checks have been carried out to test the robustness and coher-
ence of the results by using equations (5) and (9) with our estimated input–output
multipliers and the published net outputs matrix. Consequently, the estimated
total employment requirements reach 1,871,800 people, which is only 2.38 percent
higher than the official value (1,828,400); furthermore, the estimated total outputs,
which yield €105,799 million, is just 3.65 percent higher than published total
productions (€102,070 million).

4. C

Technical coefficients are the subject of two disjoint bodies of literature. The
construction of technical coefficients is linked to flow data (use and make matri-
ces), but stochastics are imposed on the coefficients when multipliers are calcu-
lated, by means of the Leontief inverse. Due the nonlinearity of this operation, the
multiplier estimates are biased as it is generally argued that the Leontief inverse
underestimates input–output multipliers.

In this paper, we let the flow data tell the stochastics and take them all the
way to confidence intervals for multipliers. We focus on the use and make matri-
ces instead of the A-matrix to obtain unbiased and consistent multipliers esti-
mates. Our output and employment multipliers are normally distributed and do
not suffer from over- or underestimation. Our results for the Andalusian
economy indicate that the Leontief inverse is not underestimated but overesti-
mated in most cases.

Statistical offices combine use and make flow data (including inversion of
the make matrix) to construct input–output coefficients, and economists invert the
Leontief matrix to determine the output and cost multipliers of the economy. The
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construction and the inversion are nonlinear operations with complicated errors
transmission and have been studied in relative isolation. This paper shows,
however, that an integrated analysis, from the use and make data directly to the
multipliers, provides simple, unbiased and consistent estimates.

A: D

The Andalusian Input–Output Framework 1995 (MIOAN95) is one of the
first Spanish input–output tables based on the new European System of Accounts
(ESA-95) published by EUROSTAT (1996). The IEA provided the cross-section
inputs and outputs establishment data. These data were used for the elaboration of
the Input–Output Andalusian Framework 1995 (IEA, 1999).

IEA publishes two use tables, which differ by valuation. One is valued at
purchasers’ prices and the other at basic prices, which is the same as the former but
excluding trade and transport margins and net commodity taxes (see Viet, 1994, p.
28). (Trade and transport margins are simply reallocated from the commodities
where they are included, at purchasers’ values, to the use matrix rows of trade and
transport services.) The make table is published exclusively at basic prices. The
United Nations System of National Accounts (SNA) recommends basic values;
production costs of good and services are measured before they are conveyed to
the market for consumption so that the effects of tax and subsidy policies as well
as of differences in types of economic transactions are isolated.

IEA transforms use data at purchasers’ prices into basic prices, as described
below. The use and make tables at basic prices are balanced to obtain the final
official accounts for the input–output framework.

Since all input and output data provided by IEA were valued at purchasers’
prices and at basic prices, respectively, we subtracted trade and transport
margins and also net commodity taxes from establishment inputs in order to
have the same valuation (basic prices) for inputs and outputs and to estimate
equations (6) and (9). As detailed below, we applied the same formula, formal-
ized here for the first time, as IEA used for the elaboration of the use matrix at
basic prices and assumed equality of margins and net commodity taxes between
establishments in industry j, which consume some commodity k. We will focus
now on the procedure.

According to the ESA-95, the intermediate uses at basic values are equal to
the intermediate uses at purchasers’ prices minus trade and transport margins and
minus net commodity taxes. Let ukj

b and ukj
p be the total inputs of commodity k by

industry j (excluding imports) at basic and at purchasers’ prices, respectively.
Then, we can write out that:

u u T T N Hkj
b

kj
p

kj
d

kj kj kj= − − − − ,(A1)

where, for each use of commodity k by industry j, Tkj
d and Tkj are the total amount

of trade and transport margins, respectively, Nkj is the total amount of net com-
modity taxes (excluding non-deductible VAT) and Hkj is the total amount of
non-deductible VAT.
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We will assume that the trade margins are proportional to the use data at
purchasers’ prices. The proportions are defined by:

T t u tkj
d

kj
d

kj
p

kj
d= < <, 0 1.(A2)

Next, we will assume that net commodity taxes (excluding non-deductible
VAT) and transport margins are proportional to the use data at basic prices:

N n u nkj kj kj
b

kj= < <, 0 1;(A3)

T t u tkj kj kj
b

kj= <, 0 < 1.(A4)

With respect to VAT, the hypothesis is as follows:

H h
u

h
hkj kj

kj
p

kj
kj=

+






< <
1

0 1, .(A5)

Then, by substituting (A2), (A3), (A4) and (A5) in (A1), we obtain:

u u

t
h

h

t nkj
b

kj
p

kj
d kj

kj

kj kj

=
− −

+
+ +



















1
1

1
.(A6)

Yet, this formula would be used to transform use data from basic values to
purchasers’ values when dealing with industries but not with establishments.
However, our purpose is to estimate the unknown ukji

b , that is, the total use of
commodity k by an establishment i from industry j at basic prices. Then, since
survey available data is based on establishments of a particular industry and not
on products, we denote ukji

p and ukji
b as purchasers’ and basic prices use data,

respectively. Based on (A6), our objective would be to apply the following formula
for each establishment, i:

u u

t
h

h

t nkji
b

kji
p

kji
d kji

kji

kji kji

=
− −

+
+ +



















1
1

1
.(A7)

A problem arises when available information does not enable us to value
establishment specific tkji

d , hkji, tkji and nkji. In this case, we will assume equality of
margins and net commodity taxes across firms in industry j, which consumes some
commodity k. We consequently use (A7) with:
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t t for all i
t t for all i
n n for all i
h h

kji
d

kj
d

kji kj

kji kj

kji kj

=
=
=
=

,
,
,

ffor all i,

so that the formula becomes:

u u

t
h

h

t nkji
b

kji
p

kj
d kj

kj

kj kj

=
− −

+
+ +



















1
1

1
.(A8)

Once trade and transport margins and net commodity taxes have been sub-
tracted from use flow data, the last step would be to reallocate the subtracted total
trade and domestic transport margins to trade and transport industries, respec-
tively. This was done with the help and technical support of IEA.
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