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There are several functional forms for estimating Lorenz curves from grouped data. Based on studies 
of the Spanish distribution of income, we propose a new functional form which provides very good 
fits. Our specification contains the Pareto Lorenz curve as a particular case, and allows one to compute 
easily, with the provided formulae, the Gini, Kakwani, and Chakravarty Inequality Indexes. 

In past years, many papers have been written about the estimation of Lorenz 
curves from grouped data. In them, their authors propose functional forms for 
the Lorenz curve. From our point of view, the more relevant are: 

which are due to Kakwani and Podder (Kakwani and Podder, 1973), and Rasche 
et al. (Rasche, Gaffney, Koo, and Obst, 1980), respectively. 

Other well-known proposed functional forms for the Lorenz curve are: 

due to Gupta (Gupta, 1984) and Kakwani (Kakwani, 1980) respectively. However, 
function (3) is only a particular case of (I), and (4) can not be considered a 
Lorenz curve because it is not positive in many cases. 

Functional forms (1) and (2) have been successfully used in (Fernhdez 
Morales et al., 1989; Garcia Lizana et aL, 1989) to estimate the Lorenz curves of 
the income distributions of Spanish provinces and then to compute the Gini's 
Inequality Index and several poverty indexes. 

The purpose of this note is to give a new functional form that provides good 
fits to the Lorenz curve of many income distributions, as we shall see below, and 
allows one to compute easily Gini's Index and other inequality measures. 

A function f is a Lorenz curve if it verifies: 
(i) f (x) r 0 for every x E [0, 11 

(ii) f(O)=O and f ( l ) = l ,  
(iii) f is derivable in (0, l)  and f '(x) r 0 for every x E (0, I), 
(iv) f admits second derivative in (0,l) and f '(x) 2 0 for every x E (0,l). 
The functional form that we propose is the following: 



PROPOSITION. The functional form defined by ( 5 )  is a Lorenz curve, and its 
Gini Index is 

where B represents the beta function. 

PROOF. Conditions i and ii are trivially verified by f: The first and second 
derivatives off  are respectively: 

f ' ( x )  = axm-'(1 - (1 - x)') + pxn(l  - x ) ' - I ,  

and 

f " ( x )  = a ( a  - l ) x m - 2 [ 1 - ( 1 - x ) ' ] + 2 a ~ x m - 1 ( l  - x ) @ - ' + ~ ( l  - P ) x m ( l  -x) ' -~ .  

It is clear that f ' ( x )  r 0 for every x E ( 0 , l )  and that f " ( x )  r 0 if a 2 1. To 
see the non-negativity off"  for 0 5  a < 1, let 

where u is the first term in the expression off" divided by ( -xaP2) ,  and v is the 
sum of the last two terms also divided by xaP2. Thus, to prove f "r 0 in ( 0 , l )  is 
equivalent to prove u 5 v in (0, 1). To do this, let's compute u' and v': 

Since u' is clearly smaller than the first term of v', and the other terms of 
v' are non-negative in ( 0 , l )  we obtain u'(x)  5 v l (x )  for every x E (0 , l ) .  This 
relation together with u(0) = v(0) = 0 assures that u ( x )  5 v ( x )  for every x E ( 0 , l ) .  

Finally, the Gini's Index is: 

Function (5) includes as a particular case ( a  = 0 )  the Lorenz curve of the 
Pareto's income distribution. In addition, for P = 1 and a = O  we obtain the 
equaliatarian line. 



The functional form (5) has demonstrated to give good fits for the Lorenz 
curves of a wide range of income distributions. We have done estimations 
corresponding to 21 countries [from data in (Shorrocks, 1983)l and to the 50 
Spanish provinces (from official data in [I.N.E., 1981)l. Table 1 contains the sum 
of squared residuals (SSR) of the fitted Lorenz curve for the Spanish provinces 
with five different functional forms. The proposed functional form (5) gives in 
all provinces smaller SSR than Pareto, Gupta (3) and Kakwani and Podder (1) 
ones, and in many cases than the Rasche et al. (2) functional form. 

Another advantage of (5) is the possibility of generating easy formulations 
for inequality measures associated with the Lorenz curve. Here, we give formulae 
for two of these inequality indexes. 

Kakwani (1980) introduced the inequality measure K,  defined by 

where L(x) is the Lorenz curve. 
On the other hand, Chakravarty (1988) introduced the generalized inequality 

indices I, defined by 

Both indexes are parametric generalizations of the Gini's Index. It is clear 
that K l  = I, = G. 

In the next proposition we give formulae for K,  and I, corresponding to the 
Lorenz curve defined in (5). 

PROPOSITION. If L(x) = xa[l - (1 - x ) ~ ] ,  a 1 0 ,  0 < P 5 1, then 

(9) K, = 1 - r ( r+  l)[B(a + 1, r) - B(a + 1, P + r)] 

and, if r is natural, 

PROOF. By definition (7), 

= 1 - r(r + l)[B(a + 1, r) - B(a + 1, p + r)]. 
To prove (lo), we will develop (x - xa( l  - (1 - x ) ~ ) ) '  by Newton's formula. 
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TABLE 1 

SUM OF SQUARED RESIDUALS OF DIFFERENT ESTIMATED FUNCTIONAL FORMS FOR 

SPANISH PROVINCES LORENZ CURVES 

Province 

Alava 
Albacete 
Alicante 
Almeria 
Asturias 
Avila 
Badajoz 
Baleares 
Barcelona 
Burgos 
Caceres 
Cadiz 
Cantabria 
Castellon 
Ciudad Real 
Cordoba 
Corutia 
Cuenca 
Gerona 
Granada 
Guadalajara 
Guipuzcoa 
Huelva 
Huesca 
Jaen 
Leon 
Lerida 
Lug0 
Madrid 
Malaga 
Murcia 
Navarra 
Orense 
Palencia 
Palmas Las 
Pontevedra 
Rioja, La 
SaIamanca 
Santa Cruz 
Segovia 
Sevilla 
Soria 
Tarragons 
Teruel 
Toledo 
Valencia 
Valladolid 
Vizcaya 
Zamora 
Zaragoza 
Ceuta Y M. 
Espatia 

Pareto 

0.0105 
0.0169 
0.01 16 
0.0126 
0.0189 
0.0128 
0.0132 
0.0146 
0.01 14 
0.0203 
0.0099 
0.0190 
0.0104 
0.0155 
0.0196 
0.0105 
0.0140 
0.0085 
0.0138 
0.0168 
0.0186 
0.0106 
0.0181 
0.0078 
0.0179 
0.0159 
0.0159 
0.0140 
0.0132 
0.0154 
0.0144 
0.01 14 
0.0157 
0.0219 
0.0144 
0.0183 
0.0166 
0.0145 
0.0134 
0.0088 
0.0136 
0.0165 
0.0185 
0.0141 
0.0122 
0.0107 
0.0134 
0.0120 
0.0097 
0.0193 
0.0186 
0.0158 

Gupta Kakwani Rasche Ortega 

Source: Data from I.N.E., 1980-81. 
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1 jol (x-xa[1 -(I  - X ) P I ) ~ ~ X  = 1 0 (i i=o ( - l ) i (~ )~r - i+ im[ l - ( l  -x)@li) dx. 

If we use again Newton's formula to develop the expression [1 - (1 - x ) ~ ] ~ ,  
we obtain: 

We have estimated the inequality indexes mentioned above for 21 countries 
and different values of r, using the estimated coefficients of (5) and formulae (6), 
(7) and (8). The results appear in Table 2. For all the indexes, Japan results to 
be the country with less inequality while Brasil is the one with higher values. 

TABLE 2 

ESTIMATED INEQUALITY INDEXES FOR 21 COUNTRIES 

Australia 
Brad 
Columbia 
Denmark 
Finland 
India 
Indonesia 
Japan 
Kenya 
Malaysia 
Netherl. 
N. Zealand 
Norway 
Panama 
Spain 
Sri Lanka 
Sweden 
Tanzania 
Tunisia 
Uruguay 
U. Kingdom 

Sources: Data from Shorrocks, A., 1983, and Z.N.E., 1980-81. 

Kakwani's and Chakravarty Indexes are highly correlated with Gini Index, but 
this is even more evident for the latter, with correlations above 0.99. In addition, 
Kakwani's Indexes show decreasing dispersion with r, in contrast with Chak- 
ravarty's Indexes, which show increasing dispersion with r. 
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