THE ESTIMATION OF PRICE EFFECTS IN A
SOCIAL ACCOUNTING MATRIX

BY C. C. GrReEeNFIELD* AND H. A. FELL

The estimation of true basic prices in a Social Accounting Matrix (SAM) has long been recognized as
necessary in order to achieve uniform valuation of inputs for meaningful manipulation of the
input-output table contained in a SAM, in order to assess the real effects of changes in demand, etc. In
practice, approximate basic prices only have normally been calculated in order to avoid matrix
inversion among other things. It is equally the case that true basic prices are required if one wishes to
assess the price-raising effects of commodity taxes. It is shown through an example that approximate
basic prices, as conventionally calculated, are inadequate and potentially misleading for this as indeed
they are for achieving uniformity of valuation. There are also problems with the present procedure for
calculating true basic prices.

An alternative method of calculating true basic prices is given, which has various advantages over
the existing method, and a new approximate method is also derived which appears to represent a
definite improvement on the present method. For the main purpose of the paper, however, the prices
of concern are those charged by producers to which the methodology equally applies.

1. INTRODUCTION

The stimulus for this paper originally arose from concern over the treatment
of commodity and other indirect taxes in Table 2.1 of the United Nations System
of National Accounts (S.N.A.), which illustrates the complete system in the form
of a social accounting matrix. It would seem from published S.A.M.’s that the
SNA procedure has normally been followed and that their compilers might be
unaware of the possible order of magnitude of errors thereby introduced. For the
time being we will confine our discussion to the case where commodity taxes are
introduced since the generalization from this to all forms of price change in
production activities is immediate.

Without loss of generality, but for the sake of simplicity, assume that each
industry produces only its characteristic product.

The commodity-industry matrix is then the commodity—commodity and the
industry-industry matrix.

The matrix can be written as follows:

Industry Final
1(A) 2(B) 3(C) Demand

A(l) Ull U12 Ul3 FDl

B(2) Uxn Ui Uas FD,
Commodity c(3) Us, Us, Uss FD,

Imports M, M, M, FD,,

Factor Income W, W, W;

Total G1=g1 92=g q3= 83

*Census and Statistics Department, Hong Kong.
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The interpretation of this table is that industry 1(A) uses U;; of its own
product, commodity A(1), industry 2(B) uses U;; of commodity A(1), industry
3(C) uses U;; whilst FD; of the production of commodity A(1) is taken by final
demand. Imports, M; are those used as intermediate inputs by the respective
industries. Because of our assumption that each industry produces only its
characteristic product, the domestic output of each commodity, g; is equal to the
domestic output of the corresponding industry, g;. Prices are producers’ prices and
also basic prices since, for the time being we have assumed that there are no
commodity taxes. Again without loss of generality, we will assume that all prices
are equal to one, so that g; refers both to quantities and values.

Dividing the elements of each industry column in the above by its appropriate
q:; we obtain the following coefficients, expressed in matrix form:

aj;; A2 4is
a1 Gz axn|=A
asz1 dsz 4ss
[mi my ms]=m'
[wi w2 wi]=w
r 1 1] =p
A simple numerical example may be of assistance. In this we have assumed

that exports are zero, so that final demand is allocated between households,
government and capital formation:

TABLE 1
A NUMERICAL EXAMPLE

Industry Final Demand
1(A) 2(B) 3(C) Households Government Capital
(Ch) (Ce) Formation
(K}
A(l) 10 50 30 10 — —_
Commodity B(2) 20 10 60 90 10 10
Cc(3) 30 20 30 100 60 60
Imports (M) 20 20 40 30 —_ 30
Factor Income (F.I) 20 100 140 — 20 —
Total 100 200 300 230 90 100

Note that from our national accounting identities, Gross Domestic Product
(Y) is given by

Y=C,+C+K+(Z-M)=3%(F.l)
=230+90+100+(0—140)=280
where ‘Z’ stands for exports.
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The matrix and vector coefficients for this example are

0.10 0.25 0.10 0.20 0.20
A=]0.20 0.05 020 ={0.50 m=10.10
0.30 0.10 0.10 0.46 0.13

As already mentioned, the true basic prices, b, are equal to the producers’
prices, p, because there are no commodity taxes in the example. Thus:

(1) b=p=Ap+w+m=[I-AT (w+m)

Suppose excise duties and other commodity taxes are levied directly on
industry (and are paid directly to government by industry), which we denote by E,
and that customs duties are charged on imports used by industry, which we denote
by M, where E'=[E; E, E;] and M'=[M,; M, Ms,]. Dividing each E; and M,
by the appropriate industrial output, g,, gives the tax per unit of output for each
industry, that is [e; e, es;] and [m; ms #i3). Following the standard national
accounting convention, all indirect taxes charged to industry are passed on
through increased prices to final demand. In economic terms, this involves an
assumption that the price elasticity of demand for the taxed commodities is zero,
which is one of the two possible extremes, the other would be that it is infinite so
that none of the indirect taxes were passed on to final demand but were all met
from factor income (this latter assumption is made in national accounting in the
case of direct taxes).

Given our convention, then the estimate of “p’’ after levying these com-
modity taxes is

(2) p=Ap+w+m+e+m
=[I-AT'w+m)+[I-A'T (e+m)

(3) =b+[I-AT e +m)
and
4) b=p-[I-A"]Ye+m)

In order to avoid matrix inversion, the SNA recommends (and employs in
Table 2.1) the convention that an approximate basic price, 5*, be used rather than
the true basic price. It nevertheless stresses the importance of using basic prices to
achieve uniform valuation in an input-output table (see paras 2.9 and 2.10 for
example and also Stone (1970), p. 173). One might also add that the use of basic
prices is essential if one wishes to assess the inflationary effect of indirect taxes.

The approximate basic price, b*, is estimated by:

b*=A'p+w+m
and since, from (2),

p=b*t+e+m
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Then
b¥*=A'b*+A'(e+m)+(w+m)

=[I-AT 'Ale+m)+[I-AT  (w+m)
=[I-AT'A(e+m)+b

and we have a measure of the extent to which »* exceeds b.

Returning to our numerical example, assume that the government now levies
the following excise duties on industries: E; = 10, E, =30 and E5 =24 and that
import duties on imported inputs used by industry are M; =S5, M, =10, M5=6.
These taxes per unit of output (each tax is divided by the appropriate g; in Table 1)
are é; = 01, €= 015, é3 = 0.08 and mp = 005, my = 005, My = 0.02.

Then
7 [0.3087 AQ1)
+|0.314 | B(2)

1
D (e+m) =po+[I-AT (m+e)=|1
1] lo215] c@3)
1
1

71 (0.2187 AQ1)
+10.232 | BQ)
1] l0.165] C@3)

17 [0.090] A(1)
pm=pot[I—AT'm=|11+]|0.082] B(2)
: 1] L0.050| C@3)

where p(..m) is the producers’ prices with both taxes levied, p. the producers’
prices with only excise duties levied, p,; the producers’ prices if only customs
duties are levied and py the initial price, of unity, before taxes are levied.

Thus, the price increase in commodity A(1) as a result of the taxes is 31
percent, of which 22 percent arose from the excise duty and 9 percent from the
customs duty. The price rise was more than double the combined rate of tax
imposed of 15 percent. In the case of commodity B(2) the price increase is also 31
percent, which compares with a combined tax rate of 20 percent. For commodity
C(3) the price rise is 22 percent as compared to a combined tax rate of 10 percent.

If we had been using approximate basic prices instead of true basic prices, we
would have calculated these as

p.=po+[I-AT'e=

b*=pe+m)—(e+m)
or
1.308 0.15 1.158 | A(1)
1.314 |-[ 0.20 |=| 1.114 | B(2)
1.215] Lo.1o] [1.113] @)

The approximate basic price overstates the true basic price by 16 percent in
the case of commodity A(1) and by 11 percent in the case of commodities B(2)
and C(3). We do not achieve uniform valuation. Equally, the price increase
estimated as a result of the combined taxes is 13 percent [(1.308/1.158)x 100]in
the case of commodity A(1), 18 percent in the case of commodity B(2) and 9
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percent in the case of commodity C(3), each of which is a little less than the
combined rate of tax imposed, a necessary consequence of the method of defining
b*. Besides greatly understating the magnitude of the price increases, they are
also very inadequate as a guide to the relative effects between commodities; for
A(1) we have true to approximate price-raising effects of 31:13, for B(2) 31:18
and for C(3) 22:9. 1t is perfectly possible to devise an example where a given
commodity is charged a lower rate of tax than another commodity but ends up
with a higher price increase than the other commodity due to the price effect of the
complete package of indirect taxes upon it. However, this could never be
estimated or revealed if approximate basic prices were used.

The implications of this are clear and important. One major use of SAM’s is
to explore income distribution and to estimate the impact of different government
measures upon income distribution. It is thus possible that governments may
endeavour to assist lower income groups by imposing lower rates of indirect taxes
upon the commodities that they tend to consume and higher rates on commodities
that higher income groups tend to consume and yet end up inducing, in the
extreme case, higher relative price rises for the low-income commodities than for
the high-income commodities. The extreme case may well be unlikely, since it
depends upon the nature of inter-industry relationships, but it is perfectly possible
that the relative degree of favour given to low-income groups will be substantially
less than comparison of the tax rates would suggest. The use of approximate basic
prices would wrongly confirm that government was achieving, almost exactly, its
objectives. It is also possible, of course, that the relative degree of discrimination
against high-income groups would be greater than comparison of the tax rates
would indicate.

The fact that we have used the extreme national accounts assumption that
indirect taxes are passed on entirely to final demand in no way affects the above
argument. If we care, by the use of regression techniques or whatever, to estimate
the proportion that is actually passed on, and this is less than unity for some or all
commodities, then we simply charge that proportion as tax in our calculations.
The overall price-raising effects will be less, but so will those of using approximate
basic prices and the arguments over the possible bias of approximate basic prices,
and of the possible perverse effects, remain.

The generalization from the above to considering the price effect of any cost
change in the production of a commodity is immediate. We simply replace the
vector (e + ) in equations (2) and (4) by a vector for the particular changes of
interest—an increase in wage rates or import prices in certain industries, or a
vector of the proportion of direct taxes which it is estimated are passed on to final
demand, if we wish to depart from the extreme national accounts convention that
none is passed on, or whatever. An implicit assumption in the Leontief-type
input-output model assumed is that price changes do not induce substitution. This
is a drawback but nevertheless the results are still likely to be valuable approxi-
mations to reality. Moreover, if one has reason to feel that substitution effects may
be substantial in certain cases, and can estimate these, then the model can be
adjusted to incorporate them. An interesting example of using a SAM to estimate
price effects, with limited incorporation of substitution effects, is given by Barker
(1968).
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It should also be noted that whilst the economic model employed in SAM’s
assumes that all commodity taxes are passed on to final demand, and this is what
happens when true basic prices are calculated, this is not the case when approxi-
mate basic prices are used but there is no economic rationale for the proportion
that is estimated as passed on.

2. OTHER IMPLICATIONS OF THE ABOVE PROCEDURES

The estimates of true basic prices given by equation (4) will only be correct if
(a) the proportionate increase in price resulting from the imposition of the indirect
taxes is the same for all buyers, (b) the coefficients of the input-output table are
those applicable for deriving basic prices and (c), related to this, production and
uses, as estimated in a SAM, are the flows relevant to the transmission of price
changes in a given time period. These points will be considered further.

Inthe example given, all three conditions were assumed to hold. In the case of
(a), if for example, use of own production by an industry was charged at a different
rate to use of its product by other industries, whilst exports and home consump-
tion of its product were charged at different rates again, then equation (4) would
not give correct results and an alternative estimation procedure must be devised.
This problem seems more likely to arise with indirect taxes than other forms of
price changes such as an increase in wage rates in a given industry.

Again in our example, we started from a position where basic prices were
known, and considered how prices changed when indirect taxes were imposed.
The coeflicients of our A matrix, estimated in Table 1, were therefore calculated
at the basic prices, and given our assumptions on elasticities and substitution
effects, the answers resulting are correct. As shown, however, the price changes
induced by the taxes were not in a constant proportion to the magnitude of the
taxes and consequently if one started from a position where the taxes had already
been levied, then the coefficients of the A matrix, now at producer’s prices, would
not be the same as those calculated at basic prices and adjustment of these for the
known differential rates of taxation over the commodities would still not produce
an A matrix the same as that at basic prices.

Consequently, estimates of true basic prices and price-raising effects would
be incorrect if we tried to estimate these retrospectively using equation (4) with an
A matrix derived from data at producers prices. Thus we have to distinguish
between the situation of forecasting what the effects of price changes will be from
one of estimating what they have been. Equation (4) is correct for the former, but
not the latter. It seems likely that an iterative solution could be used in the latter
case by re-estimating our A matrix after each calculation, linking to our given and
fixed initial producers’ prices, until we obtain the same estimate of basic prices and
price-raising effects whether working forwards or backwards. But this is a major
additional complication to the procedure.

It has been convenient to date to think in terms of basic prices and producers
prices, but this is not necessary. If we wish to forecast the effect of any price change
affecting the costs of industry, the relevant price situation is that existing prior to
the change, which is likely to be one in which a variety of indirect and direct taxes
are already being levied. The choice of valuation for the initial A matrix would
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then be between existing producers’ and purchasers’ prices. Depending upon the
way in which it is considered that industries pass on their cost increases and the
extent to which production activities provide their own marketing and trans-
portation services, it could well be that in certain cases purchasers’ prices may be
preferable to producers’ prices, or even a mixture of the two. The prices required
are those actually charged by producers since it is these that reflect the effects of
changes in costs that the producers have experienced.

Finally, the relevance of condition (c).is that a SAM estimates production and
uses in a given time period, whereas cost changes are passed on by industries
through sales and purchases in the given time period. In periods of major price

change and substantial stock change this would introduce errors in estlmates of
basic prices or price-raising effects.

3. AN ALTERNATIVE METHOD OF ESTIMATING PRICE EFFECTS

The use of inverse matrices in the above calculations whilst being a very
convenient way of tackling the problem given access to modern computers, is
rather like having a magic box—numbers are fed in and answers come out, but itis
not readily apparent what has happened inside the box to produce the desired
result, Moreover, the answers are only correct in certain limited circumstances, as
already explained.

The following approach still requires a computer for solution, because it
involves a large number of calculations, but it does not necessarily involve matrix
inversion. More important, it traces the effect of a given cost through the economy
with a logic that should make what is happening intuitively clear and can provide
correct solutions in certain circumstances where the first method cannot. The
results can be expressed simply in matrix algebra, and are given in this form at the
end of this section. Those who prefer matrix algebra may wish to skip immediately
to this, but we find that for purposes of understanding the procedure, the following
approach is illuminating, although not easy to follow because it is tracing an
inherently complex system.

Consider again the case of three industries (each producing its own charac-
teristic product only) and final demand with the following table of coefficients:

TABLE 2

Industry
_ Final
1(A) 2(B) 3(C) Demand Total

. Ay pn D12 D13 Pim 1
Commodity B(2) pn P2 P2 P2m 1
C@3) pxn D32 D33 D3m 1

The p;; represent the proportion of total production of commodity “j” that is
used by industry “i”’. The p;. represent the proportion of commodlty <
purchased by final demand and hence Y ;p;=1. Instead of deriving our
coefficients using column (industry) totals as in the first section, we are now
deriving them by using row (commodity) totals.
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In Table 3 we have given an illustration of how these purchases might be
regarded as flowing through the economy. For example, industry 1(A) uses
p21 = (1)2; of the total value of production of commodity B(2), where (1), is the
value of the first round of transactions of industry 1(A) in commodity B(2), (2)2:
the value of the second round, etc. This is contained in the final output of industry
1(A) of which p;, is bought by industry 2(B). This is entered under industry 2(B)
commodity B(2), in the first row of round (2) as p12(1),,. But industry B(2) also
uses its own product included in its use of the output of industry 3(C), namely
p32(1)25 and in addition has further own consumption of its initial own consump-
tion, namely p,5(1)22. The sum of these, (p12(1)21 + p32(1)23 + p22(1)22) is denoted
by (2);; under Industry 2(B), Commodity B(2), round 2. The value of this
component in industry 2(B)’s total output is passed on to industries 1(A), 2(B),
3(C) and final demand in the proportions p21, P22, P23 and p,,, respectively, and so
on. This process continues to infinity. The fact that each column in Table 3 has a
finite sum can be readily proved.

The sum of the second column, for example, which is industry (1)(A)’s use of
commodity B(2) is:

(1)21=pxn
+(2)21 = p11(1)21 +p21(1)22 + p31(1)23
+(3)21 = P11(2)21 + P21(2)22+ P31(2) 23
+

+(n)21=p11(n — 1)1+ pai(n —1D)aa+ pai(n —1)3

n (n—1) (n—1) (n—-1)
=81=p11 S21+P21 S2tps1 S23+pa

In general, with (m —1) industries, the sum for the ith industry’s use of
commodity “‘j” is:

n (m—1) (n—1) i= 1, ey (m - 1)
0= 'i+ xi S'x ’ :
9) Sii = p; xz=:1p ! i=1,...,(m—-1)

_ (n—1)
where p;; is the direct use of commodity ;" by industry ““i>” and Zi’:ll) DPxi Six 1S

its indirect use of commodity ““;” included in industry ‘j’”’s purchases of com-
modities x =1, 2, ..., (m —1). Here we are summing columns in Table 3.

As already mentioned, we have continued with our simplification that each
industry only produces its characteristic product, so that the number of com-
modities is equal to the number of industries (both equal to (r — 1)). Whilst this
assumption is not necessary, the logic of the system considered is one whereby
costs, such as commodity taxes, are charged to industries and are then passed on
by them through sales of goods and services. Given this, then where an industry
produces more than one commodity, it would normally be necessary to sub-divide
its input structure according to each commodity produced in order to trace the
effects of cost changes correctly. This would effectively mean that we had returned
to a situation where the number of industries was equal to the number of
commodities. If it was not necessary to sub-divide the input structure of an
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TABLE 3
THE TRANSMISSION OF A TAX THROUGH INTER-INDUSTRY PURCHASES TO FINAL DEMAND

Industry Final Demand
1(A) 2(B) 3(C)
Commodity Commodity Commodity Commodity
Round A(l) B(2) c(3) A(l) B(2) c@3) A(l) B(2) c(3) A(l) B(2) Cc(3)

1 p11=W1 P21=M)21 p3r=(M31 P12=12 P22=)22 Pa2=WV)32 p13=(1a P2a=)2s P33=Daz P1m=D1m Pem=1)2m P3m=1)3m

€L

p21(112 p21(1)22 p21(1)32 p12(D1y p12(1)21 p12(1)3; p13(D1y p1a(1)2; p13(1)3g P1m(11 Pim (L)1 Pim(1)31
+ + + + + + + + + +

+ +
2 p31(Lis p31(1)23 p31(1)as p32(1)13 p32(1)23 p32(1)33 p23(1)12 p23(1)22 p23(1)32 P2m(112 P2m()22 P2m(1)32
+ + + + + + + + + + + +
p11(Mn p11(1)21 p11(D3y p22(1)12 p22(1)22 p23(1)12 paz(1)13 P33(1)23 p33(1)33 P3m(D)1s P3m(1)23 P3m(1)as
——— e e e e e e e e —— e —— N — ————
=2 =(2)n =(2)a1 =212 =(2)22 =(2)32 =213 =(2)23 =(2)as =2)1m =(2)2m =(2)3m
p21(212 P21(2)22 p21(2)s2
+ + +
3 p31(213 p31(2)23 p31(2)33
+ + +

p11(211 p11(2)21 P11(2)31
N e
=311 =(3)21 =(3)a1




industry producing more than one commodity in order to obtain correct results,
then it would follow that the commodities could be treated as a single commodity,
and again, we would have the number of commodities equal to the number of
industries.

[T¥EL

The commodity tax included in industry “i”’s purchase of good *j”, ¢;, is:
(m—-1) (n—-1) (m—-1) (n—1)

(10) Cii = tiDji + Dy 21 S b=pult+ 21 Sy &)

and that included in purchases by final demand, which we continue to denote by
the subscript “m”, is

(m=1) (n—1) (m=1) (n—1)
(11) Cim = ]'pjm +ij Zl ij tx =ij (t]' + Zl Sxi tx)

x= x=
where the £, x=1,2,...,(m—1), are the commodity taxes charged in total to

each industry “x”. We can consider ¢, as E, or M, or in total (E, + M,) where E,
and M, are as defined in the first procedure. Equations (10) and (11) give the same

answers in total as the first procedure. But they also give us additional informa-
(n=1)

tion. The S,; represent the relative value of each commodity x; included in (to
take the case of equation (11)) commodity “‘j”’. Each of these has been taxed by its
appropriate t,, and these have been passed on to industry ““;” in its purchases to
produce commodity ““j”’, and industry ‘‘j”” has passed these on, as well as the
commodity tax #; levied directly on it, to final demand. In equations (10) and (11)
we are summing corresponding rows for each round in Table 3, for industry ;"
and final demand respectively. It turns out that the same information can be
obtained from equation 3, a fact that we have not seen noted in the literature to
date. Since we have followed the national accounts convention that all indirect
taxes charged to industry are passed on to final demand, it follows that the sum of
each column in final demand is unity, or when multiplied by the tax levied on
commodity *‘j”’ by government, to the value of the tax, i.e.:

(m—1) (n—1)

4 (Djm + 21 Pxm Six =)

or

(m—1) (n—1)
(12) Pim * Zl Pm S =1

Pl

This can be used to provide a correction factor when only a limited number of

rounds have been calculated, for purposes of computing equations (10) or (11).
An example of this is given in appendix (1), for interest rather than any other
reason, because the programming and computation of equation (10) is so simple
that there would be no point in calculating so few rounds that a correction factor
was necessary, unless one was undertaking the calculations manually. Otherwise,
one could use the equations which follow, using matrix inversion, and again the
correction factor would not be required.
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Up until this point, we have assumed that the same price is charged for a
commodity regardless of purchaser. Given this, then the p; would be the same
whether they were calculated from values at basic prices or at producers’ prices
and we would obtain the same estimate for the value of commodity taxes included
in price whether we started from a position before or after the taxes had been
levied, as is desired. This represents an important gain over equation (4) because
there are probably many cost changes that are passed on proportionately,
regardless of purchaser, such as wage increases.

The equations are, however, readily modified if different buyers are charged
different rates of tax. Suppose the rate of tax applicable to industry *“i’’’s use of
commodity ““j” is r; and that the general rate of tax, to be defined, on commodity
“j” is r. We now replace our requirement that the proportionate use of com-
modity “;” by industry and final demand should sum to unity, ), p; =1, by the
requirement that the entire tax charged should be allocated to users in proportion
to their use of the commodity and their rate of tax, namely:

)3 Pﬁﬁ =1
i=1 K
hence

(13) r = -2'1 Diitii

The generalization of equations (10) and (11) is then:

r (m=1) (n=D)  /p »
(14) Cji = Pﬁff<_") tpi L Sy & (j)

i x=1 Tx
where we can define ““i”’ to apply to each industry and each sector of final demand.
Equation (14) will give correct answers where we start from a given position and
estimate what the effects of a change in indirect taxes will be. If we wish to estimate
what the effects have been, however, then it would not be correct to calculate the
p;i from the value of production after the change has occurred. The values of the p;;
would have to reflect the way in which it was considered that the commodity taxes
were passed on, so that they would be the same as those which would have been
obtained had they been calculated from values which would have prevailed in the
absence of the taxes in question. Where the only difference in price arises from the
difference in tax rate, then the p; could be calculated from the volume of
production or an index of this. Alternatively, an iterative solution could probably
be devised.

The above procedures can readily be described in terms of matrix algebra. It

will be recognized that the procedure given in Table 3 is a method of estimating a
matrix inverse using the relationship:

(15) [I-P]'=I+P+P°+...

which has a finite sum provided the condition 0= p; <1 is met.

If we denote corresponding industry and commodity totals in Table 1 by «,
then the relationship between the p; coefficients calculated from commodity
totals in Table 2 and the a; coefficients calculated from industry totals is:

a;
A~ =Dy
o

i
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When dealing with the transposes of the matrices, this relationship becomes
a
alj—=pj
«@;

where a; is the coefficient in the ith row and jth column of the transpose of the A
matrix, namely A’, and similarly for pj. Thus

U-AT'=[I-a"'P4]"
where & is the diagonal matrix formed from the vector of column/row totals of
Table 1. Similarly
(16) [I-aAa ' T '=[I-PT"

The S;; of equation (9) are estimating the sum (P+P*+...)in (15) above
and, denoting the matrix of these coefficients by S we have

I+S1=[I-PT!
In terms of matrix algebra, equation (10) can be written as:
a”n ci=p[I-P1 "t

which gives the commodity taxes included in industry ““i’’’s purchase of each
commodity as elements of the vector ¢!, =[c1icai. .. Cm-1:]. Industry i here
can also be defined to include final demand, sector m, which can be further
subdivided as required. The relationship between (17) above and equation (3) can
then be formed by removing the basic price, b, from equation (3) and converting
the remainder into absolute terms, whereupon we have:

ci=pll-PT t=d.[I-AT"e

where i.; is the diagonal matrix formed from the vector of absolute values of the
w; in Table (1), u';=[usU2;... Uem-1i] and we have used the relationships
Dii = u,-,-/a,- and e; = t,-/ai.

Equation (14) can be written as

c.i=p.[t,+S:t]

where t, = [tlrl,-/rl tzrz,'/rz Ce t(m_l)r(m_l)i/r(m_l)] and S; is the matrix:

S11r1/rn S21r21/12 cee S(MAl)lr(mhl)l/r(m-l)
Slzrlz/rl Szzrzz/rz cen S(m—l)zr(m—l)z/r(m—l)
Sl(m—l)rl(m—l)/rl S2(m—1)r2(m—1)/r2 e S(m~1)(m~l)r(m~l)(m-1)/r(m—-1)

or, equivalently S, is {{I — P']"' — I'} with each element, S; multiplied by r;;/r; the
relative rate of tax charged to industry ““j for its purchases of commodities
“ir=1,2,...,(m—-1).

In effect, one has solved the dual of a conventional input-output tableau
through the above procedures.
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4. A NEw APROXIMATION

Arising from the logic of the above estimating procedure, one is led to
n—1
enquire whether the S,; of equation (10) might be reasonably approximated by
the p,; of Table 2. Using the data in Table 1, then Table 2 becomes:

Industry
Final
1{A) 2(B) 3(0) Demand Total
A1) 0.1 0.5 0.3 0.1 1
Commodity B(2) 0:1 0.05 0.3 0.55 1
C(3) 0.1 0.0667 0.1 0.7333 1

n—1
Insofar as the p,; can only be approximations to the S,; and are bound to
understate the true value thereof, the approximation will be improved if we adjust
them by using the identity, equation 12:
(m=1)  (n-1)

pim+ Z DPxm Si =1

x=1
and calculate

(m~—1)

Pimt L Pumbix=Z

n—1

then estimate S, by

n—1 1 p
Sic =i 72
§ Dj Z—P,m
For example
= 1-0.55
=01 x———22__—0.1748
2 0.807—-0.55
nol 1-0.55
Sy =0.05X —————"=(.0874
2 0.807-0.55

P
a—1

Continuing with this for all cases gives the following estimated values, S;

n—1

Estimated Values of S,

=) = =
o S.l S.z S.3
n—1
S;. 0.1783  0.8913  0.5348
n—1
/S\z. 0.1748  0.0874  0.5245
n—1

Si. 0.2222 ° 0.1482  0.2222
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The commodity taxes included in the value of production can then be
estimated by writing equation (10) as

(m—-1) n—-1
Cji:pji<tj+ Z Sx]' tx)
x=1
where ¢;; stands for the estimated commodity tax included in industry *i**’s use of

good ““j”’. The approximation could equally be employed in equation (14).

For example, the commodity tax included in industry 1(A)’s use of com-
modity B(2) is

—— ——~ ——~
n—1 n—1 n—1

Car=paltat Sati+ S o+ 83 1)
Using the values of our earlier example for excise duties, #; = 10, ¢, = 30 and
t3 =24, therefore:
¢2:=0.1[30+0.8913x10+0.0874 x30+0.1482 x 24]
=0.1x45.1
=4.5
Similarly
¢22=0.05%x45.1=2.3
£23=0.3%45.1=13.5
6m=0.55%45.1=24.8

The correct answers can be obtained from the results derived earlier for our
example using p., where the basic price of commodity A(1) was increased by 21.8
percent, that of B(2) by 23.2 percent and that of C(3) by 16.5 percent. Applying
these percentages to the values in Table (1), then we obtain the following
comparison of true and approximate measures:

Commodity taxes included in the value of production

Industry

Final
1(A) 2(B) 3(C) Demand

True Approx. True Approx. True Approx. True Approx.

A1) 2.2 2.2 10.9 11.2 6.5 6.7 2.2 2.2
Commodity B(2) 4.7 4.5 2.3 2.3 13.9 135 25.6 24.8
C(3) 4.9 5.0 33 3.4 4.9 5.0 362 370
Total 11.8 11.7 16.5 169 253 25.2 64.0 64.0

As required, the total indirect taxes charged of (10+30+24) = 64 have been
passed on to final demand. The approximate allocation of these is very good.
Using equation (10), of course, gives the same ‘“‘true’ results.
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As with the exact alternative estimator, the alternative approximation also
estimates the contribution of each indirect tax to the final commodity tax passed
on in the price of any given commodity. Thus, é;1, the commodity tax included in
industry 1(A)’s purchase of commodity B(2), which is estimated as 4.5, is built up
in the following way.

Approx. True
Arising directly from the tax on

B(2)=(0.1x30) =3.0 3.0
Arising indirectly from the tax on

B(2)=(0.1x0.0874 % 30) =0.26 0.54
Total from the tax on B(2) =3.26 3.54
Arising indirectly from the tax on

A(1)=0.1x0.8913x 10 =0.89 0.71
Arising indirectly from the tax on

C(3)=0.1x0.1482x24 =0.36 0.40
Total commodity tax = (3.26 +0.89 +0.36) =4.5 4.7

The relative shares of the different commodity taxes passed on in the price of
commodity B(2) are of course constant, whoever the buyer, given the assumption
that there is only one price for the commodity. The numbers under ‘““True’” above
are the correct estimates of the composition of the true total of 4.7 using equation
(10). Not surprisingly, the relative error here in the approximation is somewhat
greater than overall.

CONCLUSION

Social Accounting Matrices and the input-output tables embedded in them
have normally been used to estimate ‘‘real” changes in an economy, such as the
effects of a change in final demand for the product of a particular industry. They
are equally valuable, however, in estimating the effects of price changes, such as
an increase in indirect taxes, or in wage rates in a given industry or industries, etc.
The use of the standard formula for calculating approximate basic prices is not
suitable for this, however, and could prove badly misleading. A new approximate
formula has been proposed which does seem to be quite reasonable. Nevertheless,
we wquld prefer that an exact formula should be employed.

Finally, we feel that current terminology used is misleading. At present,
satisfactory distinction is not made between indirect taxes, of which commodity
taxes are a sub-group, and the inflationary effect of such taxes, as estimated from
basic prices. We suggest that the term “indirect taxes” should be used to describe
the taxes actually paid by industries (including distributors) to Government, and
which appear as charges in the accounts of industries. The price-raising effect of
these taxes is not separately identified in the accounts of industries, but is included
in the prices that they charge for their production and comprise the value of the tax
on the particular industry in question and additional price rises induced by
passsing on indirect taxes through inter-industry purchases. These can only be
estimated by techniques such as those covered above, and we suggest that they be
called “price effects”.
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APPENDIX 1

The calculation of the S; in equation (9), using the data of Table 1 trans-
formed into coefficients as in Table 2, was made by computer. The calculations
were made for rounds of n =4, 8, 12 and 16. The results after four rounds and
sixteen rounds were:

4 4 4

S-l S.z S-3
Si1. 0.247477 0.686809 0.625131
S,.  0.173564 0.167672 0.437142

S5 0.148039  0.157529  0.205716

16 16 16

S‘l S.z S-3

Si.  0.263240  0.711067  0.658100
S,.  0.181545 0.180047  0.453863
S3;. 0.153814  0.166462  0.217869

By round 16, the answers are already correct to four decimal places. They
were already correct to three decimal places by round 12.

If, for some reason, we had wished to stop our calculations after four rounds
only, and apply a correction factor, then we would derive the correction factor
from equation (12), which requires:

n—1 n—1 n—1
Pim St1 +P2m S12 +P3m S13 =1-p1,
4
etc. This results in a correction factor for the row 1 estimates, §;. of 1.0454, for
4 4
row 2, S,. of 1.0462, and for row 3, Ss. of 1.0569. Correcting the above round 4
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n—1
results by these factors gives the following estimates of S, :
a1 = i
S S.2 Ss
ey
S;.  0.259 0.718 0.653
Al
S,.  0.182 0.175 0.457
oy

S;.  0.157 0.167 0.217

which may be compared with the results for sixteen rounds. If one had to perform
the calculations manually, then bearing in mind such considerations as the quality
of data that one is using, the adjusted results after four rounds might well be
considered adequate in the example used.

Given access to a computer, however, then one might still wish to employ the
iterative solution if it was desired to introduce constraints, the program being
instructed to stop once the constrained value of a particular variable had been
reached. In such a case, of course, no correction factor would be required.
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